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Abstract

Background: Probabilistic models for sequence comparison (such as hidden Markov models and pair
hidden Markov models for proteins and mRNAs, or their context—free grammar counterparts for structural
RNAs) often assume a fixed degree of divergence. Ideally we would like these models to be conditional on
evolutionary divergence time.

Probabilistic models of substitution events are well established, but there has not been a completely
satisfactory theoretical framework for modeling insertion and deletion events.

Results: | have developed a method for extending standard Markov substitution models to include gap
characters, and another method for the evolution of state transition probabilities in a probabilistic model.
These methods use instantaneous rate matrices in a way that is more general than those used for
substitution processes, and are sufficient to provide time—dependent models for standard linear and affine
gap penalties, respectively.

Given a probabilistic model, we can make all of its emission probabilities (including gap characters) and all
its transition probabilities conditional on a chosen divergence time. To do this, we only need to know the
parameters of the model at one particular divergence time instance, as well as the parameters of the
model at the two extremes of zero and infinite divergence.

I have implemented these methods in a new generation of the RNA genefinder QRNA (eQRNA).
Conclusions: These methods can be applied to incorporate evolutionary models of insertions and
deletions into any hidden Markov model or stochastic context—free grammar, in a pair or profile form, for
sequence modeling.




Background

Probabilistic models are widely used for sequence analysis [1]. Hidden Markov models (HMMs) are a very large

class of probabilistic models used for many problems in biological sequence analysis such as sequence homology
searches [2—4], sequence alignment [5], or protein genefinding [6—8]. Stochastic context—free grammars (SCFGs) are
another class of probabilistic models used for structural RNAs for problems such as RNA homology searches [9-13],
RNA structure prediction [14, 15], and RNA genefinding [16].

Sequence similarity methods based on HMMs or SCFGs can take the form of profile or pair models and are very
important for comparative genomics. These probabilistic methods for sequence comparison assume a certain degree
of sequence divergence. For instance, in profile models (either profile HMMs [2—-4] or profile SCFGs [12,13]) a
sequence is compared to a consensus model. Profile models must allow for the occurrence of insertions and deletions
with respect to the consensus, and they do so by using state transition probabilities that assign some
position—dependent penalties for modifying the consensus with insertions or deletions. Similarly, in pair probabilistic
models [8, 16] two related sequences are compared (aligned and/or scored). Pairwise alignments need to allow for
substitution, insertion and deletion events between the two related sequences. Substitutions are taken care of by
residue emission probabilities, while insertion and deletion events are generally taken care of by state transition
probabilities as in the case of profile HMMs.

In theBLAST programs [17], the score of a pairwise alignment is determined using substitution matrices which
measure the degree of similarity between two aligned residues. Similarly, in pair probabilistic models, residue
emission probabilities are based on substitution matrices. The evolution of substitution matrices has been studied at
large for many different kinds of processes: nucleotides, amino acids, codons, or RNA basepairs [18-23]. The
evolution of emission probabilities using substitution matrices is easily integrated into probabilistic models both for
HMMs [24-29] and for SCFGs [14].

In probabilistic models, insertion and deletion events (indels) are sometimes described by treating indels as an
additional residue (gap characters) in a substitution matrix. More often they are described using additional hidden
states, where transition probabilities into those states represent the cost of gap initiation and transitions within those
states represent the cost of gap extension. If the cost of gap initiation and gap extension are identical, it is referred to
as a linear gap cost model. Hidden states allow arbitrary costs for gap initiation and gap extension, which is
traditionally referred to as an affine gap cost model. Treating gaps as an extra character in a substitution matrix is
equivalent to assuming a linear gap cost model. The parameters that modulate those processes should be allowed to
change as the divergence time for the sequences being compared is varied. It has been difficult to combine
probabilistic models such as profile and pair HMMs or SCFGs with evolutionary models for insertion and

deletions [30—-33]. Methods to evolve transition probabilities are not as well developed as those describing
substitution matrices, but significant effort is currently aimed at this problem [34—41]. Models incorporating the
evolution of insertions and deletions in the context of probabilistic models such as profile HMMs or pair models are a
very important goal in order to make those probabilistic models more realistic.

| encountered this problem in working @RrRNA, a computational program to identify noncoding RNA genes de novo.
QRNA uses probabilistic comparative methods to analyze the pattern of mutation present in a pairwise alignment in
order to decide whether the compared nucleic acid sequences are more likely to be protein—coding, structural RNA
encoding, or neither. OriginallgRNA was parameterized at a fixed divergence time. Motivated by the goal of
makingQRNA a time dependent parametric family of models, | investigated the possibility of evolving the transition
and emission probabilities associated with a given probabilistic model. Since | already had the model parameterized



for a given time, | aimed to use that model as a generating point of the whole time—parameterized family of models.

Becaus@RNA includes both linear and affine gap models in different places, in this paper | propose algorithms to
describe the evolution of indels asZ (+ 1)-th character in a substitution matrix, and algorithms to describe the
evolution of the transition probabilities associated with a probabilistic model.

The purpose of this paper is to describe the general theoretical framework behind these methods. A detailed
description of the particular implementation of these algorithn@RNA and a discussion of the results obtained
with “evolutionaryQRNA” (eQRNA) will appear in a complementary publication.

Evolutionary models for emission probabilities
The evolution of emission probabilities without gaps

In order to introduce notation, | will start with a brief review of the current methods for calculating joint probabilities
conditional on time P (i, j|t), wherei, j are two residues (for instance, nucleotides, amino acids, RNA basepairs, or
codons).P(i, j|t) gives us the probability that residugand; are observed at a homologous site in a pairwise
alignment after a divergence tinnePairwise sequence comparison methods score aligned residue pairs with these
joint probabilities either explicitly or implicitly [17]. In explicit generative pair probabilistic models, like the
pair—-HMMs and pair—-SCFG iQRNA, the P(i, j|t) terms are referred to as pair emission probabilities.

The evolution of joint probabilities is usually obtained by modeling the corresponding conditional probabilities
P(jli, t) as a substitution process in which residums been substituted by residuever timet. Probabilistic

models for nucleotide substitutions [18, 19, 42—44] assume that nucleotide substitution follows a model of evolution
that depends on an instantaneous rate matrix,

Qt — etR, (1)

wheret is the divergence time? is the instantaneous rate matrix, adis the substitution matrix of conditional
probabilities, that i€):(ij) = P(j|i,t). This is a reasonable model used, for instance, to describe nucleotide
substitutions in the Jukes—Cantor [42] or Kimura [43] models, or the more general REV model [44]; this is also the
evolutionary model used for amino acid substitutions [18, 19, 21, 45, 46], codon to codon substitutions [20,47], and
RNA basepair to basepair substitutions [14, 22, 23].

Throughout this paper, | will use the words “divergence time”, “divergence”, or * time” equivalently to describe the
amount of dissimilarity between biological sequences measured as the number of mutations and gaps introduced in
the alignment of the sequences. | will never refer to “time” as representing an actual number of years of divergence,
since this number cannot be determined intrinsically from sequence data.

Thus, given a rate matrik, @ (and therefore the desired joint emission probabilities) can be inferred for any
desired time using the Taylor expansion for the matrix exponential,
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This Taylor series converges in all cases.
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There are several ways in which the rate maftigkan be determined. One approach is to use analytically inferred
rate matrices that depend on a small number of external parameters [42—44,48]. For instance, the HKY model for
nucleotide substitutions [48] depends on six parameters: the four stationary nucleotide frequencies, a rate of
transitions, and a rate of transversions, which have to be provided externally. Another type of approach uses
maximum likelihood methods [21,49, 50] in order to estimate a rate matrix numerically from a training set of
sequence alignments.

A third approach arises naturally in cases where suitable joint probabilities have already been estimated for a pair
model, and we wish to make that model conditional on evolutionary divergence time. This approach starts from the
assumption that our point estimate represents sequences at a particular arbitrary divergencé&timexample, a

similar assumption was taken to construct h@®sum matrices [51], which were obtained as joint probabilities at
discrete point estimates from clusters of aligned sequences.

In this third approach the parameters at the generatingttimall be used to construct a rate matrix for the process.

This approach is motivated by the kind of situation in which we find ourselves with probabilistic methods based on
homology such a@RNA: a model has been trained in one kind of data, and the resulting probabilities represent some
effective butfixed divergence time, and we wish to extend that model to a time—dependent parameterization.

For residue substitution processes, the rate matr@nd(Q),, defined as the substitution matrix at the generating time
t. [Q. = Q:,], convey exactly the same information. More explicitly, assuming the evolutionary model given in
equation (1) we can calculate the rate matrix of the process as a functipnasf

1
R = o log(Qy), 0<t, < oco. 3

Kishino et al[52] introduced the idea of calculating the rate matrix starting from a given substitution matrix using
equation (3) and an eigenvalue decompositio@of It is worth noting that the matrix equation for the rdtecan be
expressed as a Taylor expansion of the form

B 1 n=oo (_1)n+1 .
R = n ; 7 (Qx—1) 4)
- He-n-je - ge-n- ),

which allows for a direct numerical calculation of the rate matrix. The convergence of this series requires only that

for every (real or complex) eigenvalueof matrix Q., then|A — 1| < 1. In addition, for any valid substitution matrix

the eigenvalues have to be real gad< 1 (see Appendix A). Under these two conditions, the above Taylor series
converges so long as the eigenvalue§gfare positive. Therefore the three properties required,oin order to be

able to obtain a rate matrix using the Taylor expansion in equation (4) are that its eigenvalues are all smaller than one
(but one that is strictly one), real, and positive. Complex or negative eigenvalues would correspond to oscillatory
behaviors, which do not seem to reflect the biology. All the substitution processes | have tested so far for nucleotides,
amino acids, and RNA basepairs correspond to real and positive eigenvalues for which the above method is
applicable.

It is relevant to compare instantaneous rate matrix approaches to the approach usedinahgno—acid
substitution matrices [53]. Theam matrices were not generated by calculating a rate matrix, but by estimating from
a collection of highly similar sequences the substitution matrix for the time of one substitution per site

PAM = Q:—0.01, and then calculatin@; at any other (integer t) time by multiplication. This is a discrete
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approximation that converges to the same answer given by the rate method for very small tinreawnitetrices

have been criticized for not being able to capture the substitutions that are observed for more dissimilar sequences.
BLOSUM matrices empirically outperformram in sequence homology searches, presumably because sequences at
larger divergence times were used to calculatesth@sum matrices. However, theLOSUM method is not a time
dependent continuous model but a very coarse—grained discretization. There are ways of combining the best of both
approaches (more divergent sequence for training and a continuous—time model) to generate rate matrices, for
instance by using the resolvent method [54], or using maximum likelihood methods as in the WAG matrices [21].
However, it is also possible to take a discret@®sum matrix, for instanc&LosuM62, and convert it to an

underlying rate matrix. TheLosuM62—generated rate matrix obtained using equation (4) is shown in Table 1.

A rate matrix can also be derived from them data@"*" by various methods. One exact method is to do an

eigenvalue decomposition as presented in [52]. Recently, other methods have been proposed to calculate a rate matrix
from the Dayhoff data [55]. These methods still assume khat (Q°* — I') which corresponds to taking only the

first term in the Taylor series for the logarithm in equation (4). This assumption is good only for very closely related
sequences. Using the Taylor series allows one to estimate, using the same input data and avoiding the calculation of
eigenvalues, the rate matrix to any desired level of precision, independent of the degree of similarity in the training

set.

Notice that the rate matrix obtained usiBgosum62 (Table 1) has two off-diagonal negative entries (and if we use
more divergenBLOSUM matrices we have more negative off-diagonals). Off—diagonal entries of the rate matrix have
to be positive so that + §tR can be interpreted as a substitution matrix for very small tisae$ his problem is not

unique to sequence data. The construction of rate matrices for a Markov process from empirical data using a
generating time is also used in mathematical modeling of financial processes such as credit risk modeling [56,57]. In
the world of mathematical finances the problem is referred to as the regularization problem. | will use one of
following regularization algorithms presented in [57]. The QOG algorithm (quasi—optimization of the generator)
regularizes the rate matrix. The QOM algorithm (quasi—optimization of the root matrix) leaves the rate matrix
unchanged and regularizes the conditional matrix at a given time if any negative probability appears. Using the QOG
algorithm we obtain a regularized version of the rate matrix usir@sum62, which is given in Table 2.

Regularization algorithms
Here | reproduce the QOG and QOM regularization algorithms. The proofs for these algorithms can be found in [57].
The QOG algorithm regularizes each row of a rate matrix independently. Given a row in a rate/Ratrix

r=(ry,...,rn) = (R(1)...,R(i,n)), )

the QOG algorithm solves the problem of finding the vector at the minimal Euclidean distance s$tarh that the
sum of all its elements is zero, and all elements but one are positive.

The steps of the QOG algorithm are:
1. Permute the row vector so thgt= R(i, ).
2. Construct the vectar, such thatv; = r; — A, where)\ = % o T

3. Obtain the permutatiom” = P(w), such thatw) < w?, ;.



4. ConstrucCy, = wf + X0 wh_ — (n—k+ 1wl fork=2,...,n— L

5. Calculaték,,;, = ming—s __,—1 {k suchthaC; < 0}.

6. Construct the vector

T, =

{ 0 if 2 S 1 S knbin

p 1 p n p i
B {wl 2 kit wj} otherwise

7. The regularized row is given by— P~1(#). Finally reverse the permutation of step (1).

The QOM algorithm regularizes each row of a conditional matrix independently. Given a row in a conditional matrix
Q¢
T:(T17--~7T7L)E(Qt(ivl)a-”aQt(ian))v (6)

the QOM algorithm solves the problem of finding the vector at the minimal Euclidean distance fwch that the
sum of all its elements is one, and all elements are positive.

The steps of the QOM algorithm are:

n

1. Construct the vectap, such thaty; = r; — A, where) = £ (Do mi—1).

n

2. If all w; are non negative;, < w is the new regularized row.

3. Otherwise, obtain the permutatiof = P(w), such thatw] > w?, ;.

4. ConstrucCy, = S-F | wf — kw?, fork=1,...,n.

5. Calculaték,,q, = maxg—1 . ,{k suchthaC; < 1}.

.....

6. Construct the vector

kmaa
T = max

kWLaI i .
R {wf+ 1=l i 1< < kas

0 otherwise

7. The regularized row is given by~ P~1(7).

A 4x4 example starting from joint probabilities at a given generating time

As an review of these techniques, | will use a set of 4 single—nucleotide joint probabilitieB(i, j|t,) for
1,7 ={a,c,g,t} ata particular generating tintg to construct the corresponding rate matrix.

In this example, the joint probabilities at the generating time using the matrix noftien = P(i, j|t.) are given
by,
A C G T
0.1248 0.0520 0.0611 0.0457
P.= | 0.0520 0.0873 0.0448 0.0470 | . @
0.0611 0.0448 0.1087 0.0385
0.0457 0.0470 0.0385 0.1010



Theset x 4 pair—nucleotide probabilities are taken from the progz®nA. They were calculated according to [16]
by marginalizing codon—codon joint probabilities which were constructed froraithsum62 matrix of amino acid
substitutions. Thesé x 4 probabilities can be viewed as a particular example of the REV model [44]. Note that the
sum of all elements oP, adds up to one, and the matrix is symmetric.

The marginal probabilities defined as= 3, P(i, j|t.) can be calculated from the joint probabilities to be,

P = (Pa, Pe, Pg, Pt) = (0.2836,0.2311, 0.2531, 0.2322) .

(8)

Similarly, the conditional probabilitie®(j|i, t,) can be calculated from the previous joint and marginal probabilities

using the relationship’ (s, j|t,)

0.4401
0.2250
0.2414
0.1968

Qx

0.1834
0.3778
0.1770
0.2024

0.2154
0.1939
0.4295
0.1658

P(jli, t.) pi. Using the matrix representati@py (ij) = P(ji,t.) we have,

0.1611
0.2034
0.1521
0.4350

9)

Notice how the sum of the elements in each row adds up to one. Notice als@ h@quite different from the
identity matrix, which means that we have started with a quite divergent generating time.

If we assume a homogeneous Markov substitution process, we can interpret the conditional proligbéitie¢he
matrix of substitution probabilities at the generating time. Thus, we can characterize the underlying evolutionary
process by its instantaneous rate of evolution, which can be calculated)rarsing equation (4). The resulting rate
matrix R (up to an arbitrary scaling factey) is given by,

~1.0965
1| 04528

R=—
t. | 05126
0.3298

0.3690

—1.2750

0.3396
0.4481

0.4575  0.2701
0.3720  0.4503

(10)
—1.0876  0.2353
0.2565 —1.0345

This rate matrix has all the good propertied:“Normalization”: the sum of the elements of each row is zeii). (
“Reversibility”: p; R;; = p; R;;.The process is reversible by construction because we started with symmetric joint
probabilities. {ii) “Saturation”. The rate matrix converges at time infinity to the given marginal probabilities in
equation (8). We can test saturation by using equation (2) and calculating the substitution matrix for a very large

time. For instance, for = 10¢, we have

0.2836
0.2836
0.2836
0.2836

Q1o.0t, =

0.2311
0.2311
0.2311
0.2311

0.2531
0.2531
0.2531
0.2531

0.2322
0.2322
0.2322
0.2322

11)

Saturation (or stationarity) of a Markov process is a necessary consequeiagonfr{alization andii) reversibility.
Appendix A shows a derivation of the previous statement which was useful for me (and hopefully for some readers)
when studying the behavior &= oo of more complicated evolutionary models. Therefore, starting from joint
probabilities as in this example, we can always interpret the marginal probabilities as the stationary probabilities of

the evolutionary process.

In summary, starting with a single set of joint probabilities at one particular generating divergencg, timee
calculate the joint probabilities at any other arbitrary time, assuming an exponential model of evolution. To that



effect, given the particular set of joint probabilities (7) we have calculated the corresponding rate matrix (10) by
Taylor expansion. Thus we can estimate the substitution matrix/conditional probabilities at any other arbitrary time,
simply using equation (2), and reconstruct the joint probabilities at any other arbitrary time. For instance, for
t = 0.3 t, we obtain,

0.2089 0.0249 0.0303 0.0195

Poss, = 0.0249 0.1615 0.0208 0.0239 . (12)
0.0303 0.0208 0.1864 0.0156
0.0195 0.0239 0.0156 0.1731

This method allows us to evolve pair emission probabilities corresponding to different processes (in addition to the
4 x 4 nucleotide emissions) for instan2eé x 20 amino acid—to—amino acid joint emission probabilitiés x 64
codon-to—codon joint emission probabilities,16rx 16 RNA basepair—to—basepair joint emission probabilities.

Thus, this method is useful to be applied in combination with pair HMMs or pair SCFGs already parameterized at
one fixed divergence time to make their emission probabilities a time—dependent family.

The evolution of emission probabilities with indels treated as an extra character

Substitution processes (even if describing multi-nucleotide events such as codon evolution or RNA basepair
evolution) are not enough to describe the full evolutionary relationship between two biological sequences. We also
need to consider indels, for which we need to introduce more complicated models of evolution than the one described
so far.

Indels have traditionally been a problem for phylogenetic methods. Programs to construct phylogenetic trees from
data such aBHYLIP [58], PAUP* [59], and other phylogeny packages [60—64] treat gaps as missing data. The
theoretical description of the evolution of gaps in a probabilistic fashion reached a landmark with the
Thorne/Kishino/Felsenstein (TKF) model [30, 31]. The TKF model however is hard to implement in combination
with a probabilistic model such as an HMM, although an active area of research exists in that direction [36, 39,40]. A
more direct attack to the problem of introducing phylogeny into existing probabilistic models originated with the
concept of tree HMMs [34, 35]. The tree HMM method models the evolution of the parsing of different sequences
through an HMM. This approach is more related with the evolution of transition probabilities, and I will discuss it
later on in this paper.

Here | am going to describe a method for the evolution of indels under the assumption that they behave like an
additional residue added toé x N residue substitution matrix. This is a simplification of the problem because it
forces indels to have linear penalties (that is, the cost of opening an indel in an alignment or the cost of extending it
with one more indel character is the same) and to behave independently of each other (that is, successive indel
characters in one sequence will be treated as independent events, rather than as a single red&wés long).

Despite its apparent simplicity, this approach poses interesting problems in parameterizing evolution.

Let us review some of the implications of insertion and deletion processes. The treatment that pair models give to
pairwise alignments can be interpreted (if we assume reversibility, as is the case here) with all generality as if one of
the sequences is the ancestor of the other one. For any two aligned residues we assume that they can be related by a
substitution process. For a residue aligned to a gap we assume that either a residue in the ancestor was deleted in the
descendent sequence, or that a residue not present in the ancestor appeared in the descendent sequence.

An stochastic insertion—deletion process also involves insertions followed by subsequent deletions. These events



leave no trace in pairwise alignments because alignments usually do not retain gaps aligned to gaps. However, when
we are treating indels as an extra character, we have to account for such events.

If we were given ideal alignments with all their gap—to-gap aligned columns we could estimate from data the
(N + 1) x (IV + 1) extended joint probabilities at a generating tifke, Because that is not the case, we need to
make some inference aboHf. Let us represent with, such thad < A < 1/2, the expected frequency of
observed gaps with respect to the total number of residues in pairwise alignments at a particular Tinee
parameter\, can be estimated from data, or it could be estimated according to the TKF model [30] as

A 1—eAmts
T 20— AeCmmt
if we knew the values for the rate of insertioh&nd the rate of deletions such that < A < p.

(13)

Let us represent withh’ the expected frequency of missing gap—to—gap aligned columns in a pairwise alignment at a
particular timet,. One can estimatA’ as the expected length of insertions that were later deleted without leaving
any trace in current sequences. The probability of a stretélyap—to—gap characters is given by the geometric
distribution density(l) = (1 — A?) A2, ThereforeA’ is given by,

=1

Using these two parameters and the joint probabilities in the absence of gaps at the generafiy@ fimee can
construct the set dfV + 1) x (IV 4 1) extended joint probabilities &f as

P.(ij) | pis
Q , (15)
pA | A
where we have assumed independence for the joint probability of a residue and a gap. The normalization factor
Q=1/(1+42A+ A’) represents the fact that the observed different from the value we would have obtained had

we known the complete alignment.

Another implication of insertion and deletions appears in the behavior of the marginal probabilities of single residues
and indels. At = 0 when sequences have not yet diverged, the marginal probability of finding a gap in an alignment
should be zero. In the limit= oo, the pairwise alignment of two finite—length sequences is going to be dominated

by gap—to—gap alignments, which implies that as the divergence time increases the marginal probability of a residue
becomes negligible, while the marginal probability of a gap becomes one in the kmib. Our evolutionary model

has to be able to accommodate such saturation frequencies.

A step—by-step description of the algorithm for the evolution of gaps as an extra residue

| will start by describing the steps to implement the method before explaining how to derive those steps. This method
can be applied starting from two different situations: starting froW a N set of joint probabilities at a generating

time that need to be extended to allow indel characters and evolved with time; or starting from &’givéhrate

matrix that needs to be extended to allow indel characters.

Suppose we start with & x N set of joint probabilitiesP, at a generating time,, wherep stands for the marginal
probabilities and),. represents the set of conditional probabilities associated Byith



1. Extend the joint probabilities at the generating titpéo a (N + 1) x (IV 4 1) matrix of joint probabilitiesP®
of the form,
P, (i) | piA
P =Q

*

) (16)
A
whereA is a parameter which represents the expected frequency of gaps with respect to the total number of
residues in an pairwise alignmenttat and which satisfies the condition< A < 1/2. The parametef\’ is
given in terms ofA asA’ = 1= AQ, and the normalization constant is given®y= 1/(1 + 2A + A’). The
indices with hats#) stand for theV residues, and exclude the gap character, which | represent with the symbol

The(N + 1) x (IV + 1) extended conditional probabilities at the generating tip§eare given by,

A
1A
| @G@/ata
= A
Qs 2| (7)
bj AfA' ‘ N
2. Construct théN + 1) x (N + 1) extended rate matrig® as
1 n=o00 n+1
—1 n
R log (@'Q) = ; Q'@ -1)", (18)
where
A
1+A
NOYCETSE
Q7108 = Q«(#)/( ) N (19)
1+A
0o ... 0] 1
3. Calculate the exponential of the rate mati®~ using the Taylor expansion,
- 'R (tRE)”
etR _ Z ( n') ) (20)
n=0
4. Construct the extended matrix of conditional probabilities at arbitrary @¥nas
Qi = Qo etRE, (21)
where the matrix), is given by
0
5(9) :
Qo = o | (22)
p3(1 = qo) ‘ 9
wherep; are the original marginal probabilities &%, and the probabilitp < ¢y < 1 is given bygy = i,f:.

The functiond(i7) is a Kronecker delta which takes value one#fer j and zero otherwise. The cage= 1
corresponds to the extreme case in whichthe- 1 gap residue does not evolve.

10



5. Construct the extended marginal probabilifigss

pi(1—Ay) i =14,
€l 23
i (9) { A, it o= (23)
where the probability of a gap at tinieés given by,
At Zi piQt (Z_> (24)

- pQi (i) + 1 - Q5 ()
| call this process “quasi—stationary” because the background frequencigat any finite time are always
proportional to the originaN—dimensional background frequencigs This result is a consequence of the fact
that the firstV elements of the last row @, are proportional to théV stationary frequencigs. On the other
hand, while remaining “quasi—stationary” the background frequencies evolve(froft) at time zero towards
“all gaps” at time infinity,i.e. lim;_,., A; = 1. This behaviour at time infinity is the consequence of the
particular value ofj, selected in the previous step.

6. Finally, construct the evolvedV + 1) x (N + 1) joint probabilities at arbitrary timé; as
P (1) = pi (1) Q3 (i9)- (25)

The expression foA\; in equation (24) guarantees reversibility, that is, that the extefmjembnstructed
according to the above expression are symmetric.

For the other starting situation, in which we hav&ax N rate matrixR, the procedure to generate a
(N 4+ 1) x (N + 1) quasi-stationary reversible evolutionary model is the following:

1. Construct thé N + 1) x (N + 1) extended rate matriR as

B
R()) — 88(35) |

R - (25) — B8(2)) ol (26)
0 0]o

where we have extended thé x N rate matrixR with the parametef > 0.

The instantaneous rate is given by,

R(5j) — B8(3)) :
QR = ’ ; . 27)

—B(1—qo)p1 .. —BA—qo)pn | B — q0)

Thusg is the instantaneous rate of deletion of a character, whil€l — ¢o)p; is the rate of insertion of

charactet. (More complicated models in which the rate of deletion is different for different characters are also

possible.) Notice thaj, = 1 corresponds to the case in which the rate of insertions is zero.

2. Finde!™" analytically, if an analytic expression fét is given by solving the differential equation
d (et®") /dt = Ree*f", or numerically, proceeding as in step (3) of the previous procedure.

3. Proceed as in steps (4)-(6) of the previous procedure.

11



A 5x5 example starting from joint probabilities at a given generating time

We start with the generating joint probabiliti% in the4 x 4 example in equation (7), which we want to extend to a
5 x 5 matrix by adding a gap character. For this example, | have selected the arbitrary value for the gap parameter

A =0.18.

The4 x 4 joint probabilities in equation (7) augmented t6 & 5 matrix PZ using the gap paramet&r = 0.18

(which implies thatA’ = A2?/(1 — A?%) = 0.0335) is given by,

A
0.0896
0.0373
* 0.0438

0.0328
0.0366

The conditional probabilitie®s (ij) = P<(jli, t.) are given by,

0.3729
0.1907
Q5 = 0.2046
0.1668
0.2391

C
0.0373
0.0626
0.0321
0.0337
0.0299

0.1554
0.3201
0.1500
0.1715
0.1949

G
0.0438
0.0321
0.0780
0.0276
0.0327

0.1826
0.1643
0.3640
0.1405
0.2134

0.0328
0.0337
0.0276
0.0725
0.0300

0.1366
0.1724
0.1289
0.3686
0.1958

0.0366
0.0299
0.0327
0.0300
0.0240

0.1525
0.1525
0.1525
0.1525
0.1568

(28)

(29)

The extended marginal probabilities at the particular time instanaee given by,
P, = (PasPes Pgs pr, p-) = (0.2402,0.1957, 0.2143, 0.1966, 0.1532) , (30)

which are quasi—stationary with respect to Zhe 4 stationary probabilitiep = (0.2836, 0.2311, 0.2532,0.2322) we
started with in equation (8).

The matrix of conditional probabilities at time zero using expression (22) is given by,

o O O
o O = O
o = O O
= O O O
o O O o

Qo = (31)

0.2822 02299 0.2518 0.2310 | 0.0051
The rate matrix for this example, calculated using the Taylor expansion described in equation (18) takes the value,

—1.2625  0.3692 0.4578 0.2700  0.1655
0.4531  —1.4415 0.3721 0.4508  0.1655

R = 0.5130  0.3398 —1.2535 0.2352 0.1655 | . (32)
0.3298  0.4486  0.2564 —1.2003 0.1655
0 0 0 0 0

One should not be concerned to see a whole row of zeros for this rate matrix. For this generalized model the
instantaneous rate of evolution is not directly given by the rate matrix; instead, the instantaneous rate of evolution is

given by,
dQ;
dt

= QoR". (33)

t=0
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In this example, the instantaneous rate of evolution takes the form,

—~1.2625 0.3692  0.4578  0.2700  0.1655
0.4531  —1.4415 0.3721  0.4508  0.1655

QoR° = 0.5130  0.3398 —1.2535 0.2352  0.1655 | . (34)
0.3298  0.4486  0.2564 —1.2003 0.1655
—0.0467 —0.0381 —0.0417 —0.0382 0.1647

One should not be concerned either by having some negative off diagonal components. For sm&l| thees
conditional matrix is given by,
Q5. = Qoe’ ™" = Qo + 5t (QoRY). (35)

Therefore, in order to have a proper matrix of conditional probabilities for sufficiently smatlis necessary to
satisfy the following condition for each pair of indicgg,

it Qo(ij) =0 then (QuR®)(ij) > 0. (36)

In this case, the off-diagonal components of the last ro@o#&re non—zero, which allows us to have negative
off-diagonal elements for that row in the instantaneous rate mayix.

With the5 x 5 rate matrix in hand, we can apply steps (3) and (4) to obtain the conditional probabilities at any
arbitrary timeQs. For instance fot = 0.3 ¢, we obtain the following evolved conditional probabilities:

0.7011 0.0834 0.1017 0.0654 0.0484
0.1023 0.6651 0.0856 0.0985 0.0484
Qo3:, = | 0.1139 0.0781 0.7007 0.0588 0.0484 | . (37)
0.0799 0.0981 0.0641 0.7095 0.0484
0.2685 0.2188 0.2396 0.2198 0.0533

The quasi—stationary marginal probabilities are constructed using the Agsult = 0.0487, and thet x 4
stationary probabilitiep = (0.2836,0.2311, 0.2532,0.2322) , following step (5) of the algorithm as,

P4, = (0.2698,0.2199,0.2408, 0.2209, 0.0487) . (38)
0.3ty

Finally, using equation (25), far= 0.3 ¢, we obtain the following evolved joint probabilities

0.1891 0.0225 0.0274 0.0176 0.0131
0.0225 0.1462 0.0188 0.0217 0.0106

PS3,, = | 00274 00188 0.1687 00142 0.0117 | . (39)
0.0176 0.0217 0.0142 0.1567 0.0107
0.0131 0.0106 0.0117 0.0107 0.0026

Notice that this matrix is symmetric, which is the result of having imposed reversibility for any arbitrary divergence
time.

We can also see by calculating the conditional probabilities at large divergence times how these probabilities evolve
towards their saturation values given () 0, 0,0, 1). For instance, fot = 30¢, we have,

0.0020 0.0016 0.0018 0.0016 0.9930
0.0020 0.0016 0.0018 0.0016 0.9930

Q30¢, = | 0.0020 0.0016 0.0018 0.0016 0.9930 | . (40)
0.0020 0.0016 0.0018 0.0016 0.9930
0.0019 0.0016 0.0017 0.0016 0.9933
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An example starting from a rate matrix: The Jukes—Cantor model extended to gaps

As an example of a situation in which we start with a rate matrix, let us consider the generalization of the
Jukes—Cantor model [42] tofax 5 evolutionary model with a gap character. The original Jukes—Cantor model
assumes that all nucleotides mutate at the samevratd) which is represented by the rate matrix

—3a o a a
« —3a o «
R = 41
« « —3a « ( )
a a a —3a

In this simple case the conditional matrik = ¢'* can be found analytically by solving the matrix differential
equation); = R Q,. Because of the symmetries of the problem we can write

e St St St

Q=1 = (42)

st St Tt St
St St St Tt

with the condition; 4+ 3s; = 1. We then obtain the following differential equations

T+ = —3ar;+ 3as;, (43)
$t = —asgtar, (44)
and the solutions are,
1 3 _,,
] + 1€ ot (45)
11,
St = 1 — Z@ 4 t. (46)

By taking the limitt = co in the previous two equations, one can see that the saturation frequencies of the
Jukes—Cantor model apg = 0.25 fori = a, ¢, g, t.

The5 x 5 extended Jukes—Cantor rate matiix is constructed by adding a rate of mutation to a gap represented by
the quantityd > 0 which in principle we will assume is different from the rate of substitutiens

—(Ba+B) e @ o 16}
o —Ba+p) a a 6

Rf = «a o —(Ba+pB) o B 47
o e e —Ba+p) B
0 0 0 0 0

We also introduce the matrix at time zefy which depends on the probability parameter ¢, > 0,

1 0 0 0 0
0 1 0 0 0

Qo = 0 0 1 0 o |, (48)
0 0 0 1 0
(1-qo)/4 (1-q)/4 (1—q)/4 (1-q)/4 ao

where the particular cagg = 1 is only allowed if simultaneouslg = 0, and corresponds to a trivial extension of
the original Jukes—Cantor model in which the gap character does not evolve.
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The conditional matrix at arbitrary time is given Bf = Qoe'® . The symmetries of the problem in this case allow
us to parameteriz€; as
Tt St St St Vi
St Tt St St
Qf = St St Tt St Mt s (49)
St St St Tt TVt

& & & & ot
with the conditions; + 3s; + v, = 1 and4§; + oy = 1.

Introducing the matrix\f, = e!*", we can parameterize

Tt St St St Yt
St Tt St St Nt
M, = St St re St Mt ) (50)
St St St Tt Yt
0 0 0 0 1

which implies that

10— @)1, (51)
(1 = q0)v: + qo- (52)

&

Ot

The differential equation to calculafd, takes the form\l, = R°M,, which translates into the differential equations,

7 = —(3a+0)r:+3asy, (53)
St = —(a+pB)si+ar, (54)
o= B(l—m). (55)
Which are satisfied by
1 3
_ Bt Q2 —(4a+pB)t
Tt 46 + 46 ) (56)
1 1
— Bt~ —(datp)t
St 46 46 , (57)
v o= 1—e Pt (58)
And in addition we have
1
& = 1(1 —qo)e 7t (59)
o = 1—(1L—qo)e ™. (60)

In the limit cases = 0, the solutions for; ands; reduce to those of the original Jukes—Cantor model with the trivial
additions ofo; = 1, £, = 0 and~, = 0, after settingyy = 1.

The extended Jukes—Cantor model depends on three parameters: the rate of nucleotide substitOtithre rate of
nucleotide deletio > 0, and the parametér> ¢, > 0. What is the meaning af,? ¢o controls the saturation
frequenciesi(e. the background frequencies at time infinity), as well as the background frequencies at any other
finite time. Forg > 0 and1 > ¢y > 0, taking the limitt = oo in equations (56)-(60), one can see that the saturation
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probabilities are given b0, 0, 0,0, 1). At any other finite time, the background frequencies of the model are
guasi—stationary with respect to the background frequencies of the original Jukes—Cantor model, and are given by

n() = 30— A0) (61)
() = A (62

Imposing the reversibility conditiop! Q; = p! in particular we obtairfl — A;)vy; + Ao = A; which implies,

1—e Bt

AN=——7-—.
g

(63)

Thereforeg, controls how fast the background frequencies approach the saturation probalfilitigs 0, 1) through
the factorA,. For a givens, the largery,, the faster\; approaches one. (Note thit always approaches oneias
goes to infinity.)

At first glance, it looks likey, could take any value including one in the solution for the extended Jukes—Cantor
model. ¢o = 1 would result in fixed background frequencies of the f@f0, 0, 0, 1), which is an undesirable result,
and the valuey = 1 would have to be excluded wheh> 0. In fact, the limit to the ungapped Jukes—Cantor model
has to be taken by settingy= 0 first, and theryy = 1. In that way,A, = 0 for all times, which is the correct result
for the original Jukes—Cantor model.

Derivation of the algorithm for a (N+1)x(N+1) quasi—stationary and reversible evolutionary process

Unlike the ungapped x N case in which the marginal probabilities are time independent, in the presence of gaps
the marginal probabilities have to evolve with time. In fact, as | discussed earlier, the marginal probability of a gap
p5(-) has to evolve from zero at time zero to one at time infinity. As a result of that observation, probabilistic
evolutionary models witld)y # I are necessary in the presence of gaps in order to maintain reversibility. The reason
for this requirement is the following: for an evolutionary model of the feffh, reversibility implies that there is

somep, such thap,Q, = p, [see Appendix B, equation (202)]; it follows then thatR = 0, and therefore

p.et® = p, for arbitrary timet. Thus, under a reversible model of the fof = e**, marginal probabilities do not
evolve with time. On the other hand,dfy # I then the condition, @, = p, does notimplyp, R = 0 for the rate

matrix R, and therefore it does not impogg as the marginal probabilities for arbitrary(See appendix B for more
details on this point.)

Therefore, to model the evolution of gaps we need to generalize the evolutionary model to have the following form
Q; = Qoe'™. (64)

The matrix@, can be parameterized in following form,

(1)) :
QO = 0 ) (65)

p;(1 - q0) \ q

This matrix depends on one additional paramegeiThe particular dependencyy(-,7) o p; is necessary to obtain
guasi—stationary reversibility of the marginal probabilities.
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The rate matrix is now a function 6, and@Q; = Q;_, , and takes the form

1 — €
Rs = ; log(QO 1Q*)7 (66)
where the matri>leQi has the form,
_A
I+A
o Q.(i))/(1+ A) :
Q@5 = 2| (67)
pil=m) | n
where ) A LA
=(1-— + — . 68
1 < qo)1+A WA LA (68)

Notice that), may be inverted as long @s< ¢y < 1.

With respect to the marginal probabilities we have that at the generating.tibecause of the way the extended
probabilitiesP, were constructed we imposed a quasi-stationary behavior of the form,

pi, = [pi(1 = Aw), Ad ], (69)
where At A
+
“TTTA A (70)

The generalized conditional matrix in (64) also saturates at very large times, and the saturation probadilities (
marginal probabilities at infinity) are given by those of the rate matrix, thamig ... Q5 = lim, .. ¢'%" (see
Corollary A.1). Because of the relationship in equation (66) between the rate matrix and the@jai€)g, the
saturation probabilitieg:  are given by the condition (see Appendix B),

P5 (1) (Q5 ' Q) (45) = p5. () (Qy " Q5) (4d). (71)

Then using equation (71) we can see that the saturation probabilities maintain the quasi-stationary property that was
imposed at the time instan¢g, and are given by,

Poo = [Pi(1 — A), Asc] (72)
where A
Ao = . 73
A+ (14+A)(1—=n) (73)
As | discussed before, it is reasonable to impose that at infinity all we find isigaps, = 1.0, which implies
n=1and
A — A?
9= NTA (74)
Notice that because the relationship given in equation (14) betééand A, then0 < ¢y < 1.
For an arbitrary time we have the reversibility relationship
pi (4) (Qg ' Q))(i5) = p; (4) (Qg ' QF) (jd)- (75)
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This equation is satisfied by construction in tNex N subspace. By inspecting the implications of the above
equation for the gap index, we obtain an expressiof,qthe marginal probability of a gap) at arbitrary time that
allows us to have quasi—stationary reversible evolution. The fundtjios given by,

A, — Eﬂ%@%(i')
Y mQi () 1 - Q5 ()

(76)

Evolutionary model for transition probabilities

The standard way in which comparative probabilistic models allow for insertions and deletions is by introducing
several additional states with their corresponding transition probabilities. For instance, in a pair—HMM for sequence
alignment (Figure 1) the presence of gaps requires the introduction of two states (“X” and “Y”) which emit a
nucleotide in only one of the two sequences. The probabilities associated with transitioning in and out of those states
control the “gappiness” of the alignment. Therefore the evolution of these parameters with time is necessary in order
to model different degrees of sequence divergence.

There has been a continued effort on improving the accuracy of the evolution of emission probaidities (

substitution matrices) such as allowing correlations between the rates at different sites [65, 66], improvements in the
derivation of rate matrices from sequence data [23,67], or estimating multiple nucleotide changes [68]. In
comparison, the ideas to describe the evolution of transition parameters in probabilistic models are much less
standardized [34-40].

The goal of this section is to describe the evolution of transition probabilities. For instance, in the pair-HMM of

Figure 1 the transition probabilities from the “XY” state to the “X" or “Y” states describe the introduction of gaps in

one of the two aligned sequences, using an affine penalty. These transitions should be zero when the sequences have
not yet diverged (time zero), but they should be maximal at infinite divergence. In between these two extremes, it is
desirable to model the transition probabilities changing with divergence time. These methods are termed
“evolutionary” because the transition probabilities will be parameterized with time, using functions that are
generalizations of the Markov process that probabilistic evolutionary models assume for substitutions. Unlike the

TKF model [30, 31] and other related evolutionary models [32, 33, 41], the approach presented here will not describe
the actual underlying evolutionary process that may have generated one sequence from another.

The tree-HMM method [34, 35, 37] is possibly the method closest to what | develop here. A tree HMM tries to model

the phylogenetic relationship between related sequences by modeling the parsings of different sequences through the
model. In a tree HMM it is not the actual transition probabilities of the HMM, but the parsing of the different

sequences through the models that are evolved using rate matrices that resemble the diagonal rate matrices introduced
in the first of the methods described below. Here | want to generate pair or profile probabilistic models that when
comparing two related sequences are able to accommodate to the degree of divergence observed between the two
sequences, and | intend to do that in a continuous—in—time and probabilistic fashion, using the smallest possible
number of free parameters. No evolutionary history of individual insertion/deletion events will be generated; only
posterioriwould an evolutionary history be established by comparing sequences (in the case of a profile model) or
alignments (in the case of pair models) generated by the model at different times.

| present two methods to evolve transition probabilities. One of the methods considers the evolution of a vector of
transition probabilities. In this method, the value of the transition probabilities at time zero and time infinity are input
parameters, which gives a relatively large number of free parameters. In the second, more restrictive, method the
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transitions associated with several states are assumed to evolve under the same evolutionary process. This condition
constrains some of the free parameters, but does not fix them all completely. When the more restrictive conditions are
used, both algorithms give the same results. These two algorithms are applicable to most pair and profile probabilistic
models, be they HMMs or SCFGs, generalized or not. | present an example of the evolution of a vector probability
vector for a pair HMM, and an example of the evolution of a matrix of transition substitutions for a profile HMM.

Evolution of a vector of transition probabilities
A step—by-step description of the algorithm

Let us start by providing the recipe to apply the algorithm:

1. Given a transition probability vector
1
:Z_:f n
¢ = : suchthat » T; =1, Wi, (77)
™ i=1
2. Assume its set of values is known at the three particular time instanc¢es 0ft = ¢,., andt = oo, namedy,

¢x, andg... Assume each componenin these probability vectors satisfies one of the following three
conditions,

q0(1) < (1) < goo(i) OF qo(i) > qu(i) > goo(i) OF qo(i) = qu(i) = qoo(i), foralli. (78)

3. If the three input vectors satisfy the condition,

6 (i) = 4o (0) _
q0(1) — goo (7) (79)

wherer > 0 is a real number independentithen calculate; at an arbitrary time (0 < ¢ < t.,) as

e—rt/t*
4 = do + (90— as)” : (80)
e—rt/t*
Normalization of the vectay, is guaranteed by equation (79).
4. Otherwisey is given by the following expression
. R S aERa)
T _ O (90 — g0) .
qt - . I (81)
L+w 1+w 9.(n)~goc ()
exp £/t og(gri=atny )]
where the functionu; is given by
we =" o) — o) xp [t/t* log (‘““‘““)} . (82)
P q0(i) — goo(7)
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An example: evolution of the transition probabilities of a pair—HMM “XY” state

Consider the transition probability vector associated to the “XY” state of the pair—-HMM given in Figure 1,

TtXYHXY
TXY—)X
XY t
qt = TtXY_)Y ) (83)
XY —FE
Tt

which describe the four possible transitions from a correlated emission of two nucleotides to another correlated
emission in both sequenceE XY —XY); to a gap in sequence Y ¥ —X); to a gap in sequence X XY —Y); or to
end the alignmentf(XY —¥).

Below are some arbitrary values for the transition vector at divergence timee8; t = t¢,, andt = oo associated
with state “XY”, ¢XV,

1.0(1—17) 0.74 (1 — 7) 0.00 (1 — 7)
0.0(1—7 0.13(1—r 050 (1— 7
%" = L B L B g (=) (84)
0.0(1—r7) 0.13(1—17) 0.50 (1 —7)
T T T

The transitioril’¥Y —¥ = 7 is related to the expected length of the alignments generated using the model. We
typically want to keep that transition invariant through time, and correlated with the alignment length L/ L.

(This pair HMM produces sequences with a geometric length distribution of eanThe other three transitions
change with time from a situation of no gaps at time zero, to a situation at time infinity in which all there is present is
gaps, because no residue in either sequence has a homologous residue in the other.

Transition probabilities at = 0 andt = co can be stated from first principles. Transitions at the generatingtiime
are estimated from data, at the same time that emission probabilities are estimated. The transition probabilities at any
other time are given by applying the algorithm. Using equation (81) we obtain,

0.8942(1—1/L) 0.6550 (1 —1/L)
Xy 0.0529(1—1/L) Xy 0.1725(1 —1/L)
do.3¢tx = y Qe = ) (85)
0.0529 (1 —1/L) 0.1725(1 - 1/L)
1/L 1/L

Similarly to this “XY” state case, all the other transition probabilities that appear in the pair model of Figure 1 could

be continuously parameterized with the divergence time of the alignment being scored. This algorithm can be applied
to any full set of transition probabilities emerging from a particular state in a given probabilistic model that must
evolve with time.

Connection with a tree-HMM 2x2 match—transition matrix

In the original representation of a tree-HMM [35] the idea of a match—transition matrix is introduced. If one parse
through the HMM generated a Match to MataW (/) transition, while another parse through the model generated a
Match—to—Delete{/ D) transition, one can consider the substitutiol®f/ by M D similarly to a substitution of
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residues by the conditional probabili( M D|M M, t). This leads to the concept oRax 2 match—transition matrix
given by,

MM MD
MM [ P(MM|MM,t) P(MD|MM,t)
MD P(MM|MD,t) P(MD|MD,t) |’ (86)
which in [35] is parameterized with two real numbers 0, and0 < a <1 as
MM MD
MM[ a+(1—a)e " (1-a)(l—e"T)
MD a—ae Tt l1—a+ae "t ’ (87)

Tree—-HMMs model the evolution of paths though the HMM. In contrast, the method proposed here models the
evolution of the transition probabilities of the model themselves. However, one can see that the match—transition
matrix is closely related in form to the model we have proposed here. Introduce the probability vectors,

sar _ [ P(MM | MM, t) mp _ [ P(MM|MD,t) (©8)
"\ pMD|MMt) ) " T\ P(MD|MD,t) )’

Fort = 0 andt = oo they have the following values,

1 ) 0 a
e 8 B G R )
0 1 l1-a

It is easy to see that the match—transition matrix given in equation (87) can be rewritten as,

g™ = M e (g™ - g0, (90)
@' = P+ (g - ¢llP), (91)
—r 0

for a diagonal rate matri = (" ). Such diagonal rate matrix does not require additional normalization
because it corresponds to the case described in equation (80).

Derivation of the algorithm to evolve a vector of transition probabilities

To describe the evolution of transition probabilities, the simple exponential models used for substitution matrices are
not sufficient. | propose to adopt a generalization of the exponential model of the form,

qf =q +r" (1), (92)

where! is then x n identity matrix,r is a vector still to be identify, and B is an x n rate matrix.

This model simply adds to the exponential term a time independent vector
th = ol + rTetR, (93)

Becausey,—o = qo, then it is necessary that= ¢y — r, thus giving the expression in equation (92). Note that this is
the most general solution of a differential equation of the fgfnx (¢: — a). Until now it was always assumed that
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the constant term was zero, thatis- ¢o. The freedom added by including a term constant in time is that, while
before the behavior @t= oo was solely controlled by*?, now the additional term also contributes to that limit.

An immediate consequence of this generalization is that the rate matrix is not now sufficient to determine the whole
evolutionary process. In addition to the rate matrix, the probability vector must also be specified at time zero (no
divergence) and at time infinity (all mutations have saturated) such that,

dL =qf ++7 Llim et 1] . (94)

— 00
The exponential of the rate matri has the general form,

3}
e = exp{ —tU Ut

e—]ﬁt

= U '._ Uﬁl, (95)

for some real eigenvaludé; }”_,. If conditions are restricted to the case in whigh> 0, Vi, the immediate
consequence of working with positive eigenvalues is that,

lim e = 0. (96)

t—oo

There is then a simple relationship between the vectord the values of the probabilities at time zero and saturation,

oo = qo — T 97)
Therefore, we can write with all generality
o = q +r -1
= %+ (90— goo)" " (98)
e—k’lt
= 4+ (90— a)"U U,
—knt

However, for the given informationyg, ¢, g-), the time-parameterized vecigrin (98) is still underdetermined.

In order to reduce the amount of freedom, | assumedHtats diagonal (e. U = I). Diagonal rate matrices have
been used in other contexts of generalized evolution such as the tree-HMM model [34, 35]. Then we have,

e—klt

@ = a% + (0 —ax0)" - (99)

e—knt

At this time the known probabilities at the generating tithey,, have not yet been used. These are,
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qf = qu + (r(l) efklt*,...,r(n) eik"t*) . (100)

Thus we obtain

hite 950 = 4e0(d) _ 4+(0) — qo(1).
‘ ~ 0(1) = 4o () b q0(1) — Goo ()’ (101)
which can be solved fat;, . .
i = — L 1og &) = 4oo(0). (102)
te 7 qo(i) — goo(i)

The conditionk; > 0 translates int® < e~ %" < 1, or

)~ a0l _, (103)

< 00 — 4o )

This condition has two solutions:

q0(7) < qx(i) < goo(i)  OF  qo(i) > qu(7) > goo(i)- (104)

Even though this model was derived under the conditions of equation (104), it also extends to the degenerate case
where for someé we have

QO(Z') = Q*(i) = (oo (7’)7 (105)
since this simply corresponds to these parameters undergoing no evolution at all.

Therefore if the input column vectors satisfy one of the three previous conditions for each one of their elements, the
parametric expression is

o = %+ (90— geo) e
(106)
exp |1/t Tos(Go{i=a=(5))
= gL+ (90— a)"
exp |1/t loa( =)
A normalization condition has not yet been imposed. Using the unity vaéter (1, ..., 1), normalization requires
that
GFu=1 Vvt (107)

For an evolutionary model of the form o e!'* normalization requires that” u = v for arbitrary times. | refer to

this property as the strong normalization condition. The normalization of a generalized evolutionary model of the
form ¢! = ¢ + (g0 — g-0)Te'® requires the weaker conditidgy — go.)” e'® u = 0. This property is always true

for a rate matrix that satisfies the strong normalization condition. | refer to this property as the weak normalization
condition.

In order to obtain the strong normalization condition automatically it is necessary to have a rate matrix of the form
R = Udiag (0,— )z, ...,—\,) U™! (see Appendix A, equation (193)). Such a type of rate matrix is not appropriate
to describe the evolution of a probability vector, since such rate matrix cannot be uniquely inferred from the three
input probability vectorgy, ¢, ¢-. For that reason, | have explored the use of rate matrices of the diagonal form
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R = diag (—k1, ..., —k,), which can be inferred from the three input probability vectgrsy., ¢, using
expression (102). Such diagonal rate matrices, however, in general do not satisfy the strong normalization condition,
thus the weak normalization normalization condition must be obtained by other means.

Definewy:
w = (g0 —goo)" € Fu
N (8 — o () ex oo 42(1) = 40 (i)
= ;[qo() oo (7)) exp |t/t, 1 g(qo(i)—qoo(i)) : (108)

If the input vectors satisfy the condition for aJl

e (8) ~0oi) _ (109)
0(#) = qoo(2)
for some real number > 0, then the rate matrix has the particular foftn= diag(—r, ..., —r), the functionw; = 0

for arbitrary times, and the weak normalization condition is satisfied automatically.

The previous condition is in general too restrictive. If the previous condition is not satisfied, by constrydson
zero att = 0,t = t, andt = ¢, butin generalv, # 0 for n > 2. Normalization is then achieved (107) by

modifying our definition ofy; to
qt

1+wt

qt <
The final expression is

exp . o ==

T T
T I (qO B qOO) .
= + . . 110
9 1+ w 1+ w; ) ( )

exp [t/t. log({{=1={33)

Evolution of a matrix of transition probabilities

In some cases, several states of a model correspond to a particular evolutionary event, and it seems natural to expect
that their transitions would evolve under the control of the same rate matrix. For instance, in a profile HMM (Figure

2) I will consider the joint evolution of the transitions of three states associated with a given consensus position:
Match (M), Insert (), and Delete D).

For a collection ofn statesS = {54, ... S,,} that transition into a collection of statest' = {E1, ..., E,},
consider the set of all transition probabilities emerging fromrtheriginating state$' and ending in the: statest,

T7%F  for 7=1,...,m, and i=1,...,n. (1112)

The set ofS and E states do not have to be mutually exclusive, and séhstates can also be part of theset. The
set of E' states also has to be complete, in the sense that

Y TS5 F =1 forall ;. (112)

i=1
On the other hand, not al states need to be reached by a gigeistate; some transitions may be forbidden by
design. For instance, for the states associated with a consensus position in a profile HMM the set of originating states
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is S ={M, D, I}, and the set of ending statesAs= {M’, D', I'}, where the prime index indicates the next position
in the profile. The conditiom: < n can be imposed with all generality.

We want to describe the evolution with time of the transition probabilities. For that purpose, | will usesthe
matrix of transitiong); such that,
Qu(w) = TS, (113)

Note that an evolutionary model of the foih = Qyet?, like that used for evolving gaps as extra characters, is not
sufficient. A model of the forn®), = Qpe'’ in the limit of infinite divergence would necessarily result in transitions

that for a given end state are all identical and independent of the previous state. That is clearly too restrictive for most
models, for instance in a profile HMM, in which some of the transitions are not evolved and are set to zero.

In order to allow for more general saturation properties of the transition probabilities, | propose the following model
for the evolution of the matrix of transition probabilities,

QtZQo-i-K(etR—I), (114)

whereR is then x n rate matrix, and thex x n matrix K is still to be determined. This extension (as in the vector
model proposed before) corresponds to adding a constant4etnd), — K, and it is is the more general solution of
a differential equation of the for, o (Q, — A).

We will see thatK (e!ft — I) = (Qo — Qoo )(e!F — 1), thus

Q: = Qo+ (Qo— Qo) (e —Ixn), (115)
= Qoo+ (Qo— Quo)e™. (116)

As in the previous case, a freedom provided by the additional constant—in—time term is that while the saturation
behavior ofQ,et? is controlled by the saturation probabilities«ft, the model given by equation (116) is
independent of those saturation probabilities so that the probabilities at infinity can be set arbitrarily. That is,
assuming that is then dimensional vector of saturation probabilitiesedF,

tlim QoetR = Qo Unl/)T = Uanv (117)
Jlim [Qo + (Q0 = Qo) €] = Qoo+ (Qo — Qo) unt)” = Quc. (118)

Notice that whileQ;, Qo, Q- andK arem x n matrices operating in thé x E space, the matrice® ande'?* are
squaren x n matrices operating in thE x E space. In facte!” determines the change in time that a transition
probability into one of the? states experiences and in which fashion that change is absorbed by the transition
probabilities into any otheF state.

A step—by-step description of the algorithm

The recipe to implement the algorithm is as follows:

1. Assume we know ther x n (m < n) matrices of transition probabilities at time ze&pg and at time infinity
Qso, Such that the rank @y — Q. is m.
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2. If an analyticn x n rate matrixR is given, one can find the analytic expressionddt by solving the
differential equationi(e!’*) /dt = R e'®, and jump to step (6). For a numerical solution jump to step (5).

3. If the information given is the set of transition probabilities at a generatingttin@lculate the rate matrik

as,
1 1 (-t l
R=log[lin + 0@ = Qo) = = > =~ [0(Qi=Qu)]"- (119)
* * 1=1
Then x m matrix O is obtained by solving the set of linear equations
_(Qoo - QO) 0 + umVT = Imxmv (120)
whereuw,, is them dimensional unity vectoiife. vl = (1,...,1)], andv is am dimensional vector uniquely
determined by the set of independent linear equations,
V" (@ — Qo) = 0, (121)
viu, = 1. (122)

The solution of equation (120) is not unique. In fact, equation (120) determines the Matpxo an
dimensional probability vectap that satisfies the conditions” O = 0. This probability vector corresponds to
the saturation probabilities of the mate&?. While the rate matrixz and the matrix'? depend on the choice
of the saturation probabilitieg, the asymptotic behaviour of the matrix of transition probabilities is
independent of), as was shown in equation (118).

4. Impose the condition,
V" (Q. — Qo) = 0. (123)

This condition [necessary so that R = 0] imposes constraints between the set of probabilities at time zero,
at timet,, and at time infinity.

5. Calculate the exponential of the rate mati% using the corresponding Taylor expansion.

6. Finally, calculate the set of evolved transition probabilities as,

Qo — (Qos — Qo) ("™ — Inxn) (124)
Qoo + (Qo — Qo) €. (125)

Q1

An example: Evolution of the transitions of a profile HMM given a rate matrix

To illustrate this method, consider the case of a profile HMM (Figure 2). There are three states associated with a given
consensus position in the profile: the Match stat (the Insert statel and the Delete statd)). These three states
transition into stated/’ (the Match state at the next position in the profil®},(the delete state at the next position in

the profile), and (the insert state between the two matched positions), therefore in this exarmplgé andn = 3.

Consider the following the transition matrix
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M’ D’ I
M—M' M—D' M-I
M T T, T,

Qi= D TtDH]\/I/ TtDHD/ 0 . (126)
’
I TtI M 0 th I

This transition matrix, like a nucleotide substitution matrix, adds up to one by rows. We assumevagdRr [4] that
there are no transitions between the Insert and the Delete states, but the model could work under more general
conditions.

The matrix at time zero is given by

M’ D’ I
M 1 0 0
QO = D 1—gp qp 0 . (127)

I 1—qr 0 g

The parametet/(1 — ¢;) is the average length of an insert in between two matched positions at very short times (if
there were no deletions). The paramdtéfl — gp) is the average length of a deletion at very short times (if there

were no insertions, and all position in the profile had the same parameters at time zero). For instance, one could set
qr very close to zero, which implies that, for very small times wiigh—/ > 0, the average length of a insertion

would be very close to one.

At time infinity, one can parameterize the transition probabilities as

M’ D’ I
M{ 1—(mp+mr) mp mg

Qoo = D 1—dp dp 0 . (128)
I 1—ig 0 iy

wheremp andmp represent the probabilities of Match to Delete and Match to Insert at infinity/ grahdi; are
the Delete to Delete and Insert to Insert probabilities at time infirlity, (np, myr,dp, iy < 1).

Let us assume that the rate matrix is given by

M’ D’
M [ —2« [ «
R= D « —2a o . (129)
I a a —2«

for some parameter > 0. This rate matrix assumes that the rate of change in the occurrence afStasimilar to
that of stateD’ and that of statd, and that this change reverts equally into the other two states. More realistic
situations can be achieved using rate matrices depending on more parameters.

The instantaneous rate of transition change is given by,

M’ D’ I
M/ —3almp+my) 3amp 3amy
—(Qe —Qo)R= D| —3a(dp—gp) 3a(dp —gp) 0 : (130)
I —3a(ir —qr) 0 3a(ir —qr)
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This matrix gives the instantaneous change that a transition probability experiences under this model and describes
how that change is transferred to the other allowed transition probabilities.

The matrixe!” can be obtained analytically by solving the differential equatigri’?) /dt = Retf. Thisis a
3—dimensional Jukes—Cantor model which has as its solution,

M D' I
M'[ Tt st st
= DI st 1 s . (131)
I St St Tt
with
1 2 5,
o= L deniet (132)
1 1 _a,
sio= 3 3¢ 3at (133)

Putting all together, we obtain the following evolved transition probabilities for a profile HMM under a Jukes—Cantor
like assumption for the rate matrix:

M’ D’ 1
M 1—3(mp +my) st 3mp st 3my st
Qt=Qoc +(Qo—Qu)eP= D| (1-ap)—3(dp —ap)st ap +3(dp —qp) st 0 (134)
I (I —qr) —3(ir —qr) 8¢ 0 qr +3(ir —qr) st

Substituting the values for; given in equation (133), we have the following evolved transition probabilities for a
profile HMM,

TM=M' = 1 (m;+mp)(l —e 3, (135)
TtJW—»D/ _ mD(]. _ e—3at)’ (136)
TM=T = my(1—e 3, (137)
TP=M = (1—gqp)— (dp — gp)(1 —e~3), (138)
TP=P" = qp+ (dp — qp)(1 — e=3), (139)
TI=M = (1—qp) — (i —qr)(1 — 73, (140)
TtI_J = qr+(ir —qr)(1 —e 3, (141)

The evolution of different paths through the HMM

In a tree-HMM one assumes that the different paths through the model are the objects that are subject to

evolution [34]. Here we have directly modeled the evolution of the transition probabilities of the HMM. We can get
an intuition for the meaning of these evolved transition probabilities by estimating how these evolved transition
probabilities induce the evolution of different paths through the model. A process that is similarly to that modeled by
a one-branch tree—-HMM.
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Suppose that at time zero, we emitted residfimm stateM, and residué from stateM’. The model assigns to
such sequence a probability given by,

P(ab|t =0) = par(a) par (b) T3~ = pas(a) par (), (142)

wherep,s(a) andpy, (b) represent the emission probabilities associated tdftend M’ states respectively. Now
suppose that at timethere has been an insertionrofesidues in between the two matclesndb; the model assigns
to such sequence a probability given by,

Plaiy ...inb ) = par(@) parr (0) pr(in) - . pr (i) TN =1 (T (143)

wherep; (i;) represent the emission probabilities associated to the Insert state.

We can interpret that in timethe path through the model that generatédhas evolved into the path through the
model that generated, . . . i,,b with probability given by

P(aiy ...inb|ab,t) = pr(ir) ... pr(in) TM =1 (T] =Tyt =M (144)
To get a better intuition of what this means, take as an example the case in which the time iriseveay small.
Then the probability that a path between two matches in the HMM insadsidues in time =~ 0 is
P(ai;...i,b|ab,t) = pr(i1)...pr(in) 3amr ¢t~ (1 — qr) t. (145)

This probability is proportional t8am the rate of substituting a Match—to—Match transition for a Match—to—Insert
transition, and tmj?*l(l — qr), which is the geometric factor associated to an insert of lengthtime zero.

An example: Evolution of the transitions of a profile HMM given the transitions at a generating time

In this case, we maintain the same values for the transition probabilities at tim@geared at time infinityQ ., but
the rate matrix will be obtained from a generating time for which we know the transition probabilities.

The set of linear equations in step (3) of this algorithm that determine the vécter (v, vo, v3) are

mpvi + (dp —qp)va = 0, (146)
mvy + (ir —qr)vs = 0, (147)
V1 +uvo+ Vs = 1. (148)

The solution of these linear equations is

v1 = (dp—qp)(ir —q1)/d, (149)
vo = —mp(i; —qr)/d, (150)
V3 = —m[(dD —qD)/d, (151)

whered = (d]_‘) — qD)(i[ — qI) — mD(i] — qj) — m;(dD — qD).

Parameterize the matri? in the form
My My Ms
O=| D1 D: D3 |, (152)
L I I
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with each row adding to zero. The set of linear equations in step (3) that determine theGhatex

(dp —qp)(My — Dy) +v1 =0, (ir —qr)(My — I) +v1 =0, (153)
(dp —qp)(Ma — D2) +ve =1,  (ir —qr)(Ma2 — I) + v2 =0, (154)
(dpqu)(Mngg)#*l/g:O, (i]*(]])(M;;*Ig)Jrl/g =1. (155)

Solving M; and; in terms ofD; we have,

Dy — %(is —qr) Do+ %(iy —qr —my) D3 + &L
O == D1 D2 D3 . (156)
D1+ 3[(dp —qp) — (i1 —aq1)] D2+ 5(ir —qr —my—mp) Dz — 5(dp —qp —mp —my)
The matrixO is therefore determined up to the unitary vedtby, Dy, D3). The saturation probabilities
T = (Yarr, e, 1) (T R = 0) are defined by the equation§ O = 0, which imply

ir — dp —qp) — (i —
D, = Y I dQI _1/]1( D QD)d (i QI)’ (157)
Dy = —Ym i q;— o Yr Hoa —;nz — mD, (158)
dn —ar — —

Ds = —ymr 77;1 + o 2D de o (159)
Substituting vectoD with vectory we finally obtain the following expression for the mat€kxin terms of the
saturation probabilities:

1 —y¥pr(ir —aqr) —¥1(dp — qp) Ypr(ir —qr) +Yrmp —Ypmy Yr(dp — gp) +¥prmr —Yrmp
O=- (Y + 1)1 —q1) — ¥1(dp — gp) —(War +91)(ir —qr —mg) +Yrmp Y1(dp —gp —mp) — (Y +Yr)my
(Yrr +pr)dp —qp) —¥pr(ir —ar)  $Ypr(ir —qr —mr) — (Y +¥p)mp  —(ar +9¥p)(dp —gp —mp) +Yprmy
(160)

The condition in step (4) of the algorithm translates in this case into the following relationship of parameters,
=P = mp(tP TP~ qp), (161)

ti—)]

(dp —qp)

(ir —qr)ty ! my( —qr).
This is an additional set of constraints that the “vector” algorithm does not impose.

To test the algorithm | have made up a toy HMM consensus state, which at the generatingisimigen by the

matrix of transitions,
0.70 0.20 0.10
Q<=1 060 040 O . (162)
070 0 0.30

Selecting the particular valugg = ¢q; = 0.1 anddp = i; = 0.6, using the constraints of equations (161) implies
thatmp = 0.33 andm; = 0.25. Using these values and the arbitrary values for the saturation probabilities
¥ =(1/3,1/3,1/3), we obtain the following) matrix:

8.0000 —4.6667 —3.3333
0= —4.0000 1.3333 2.6667 . (163)
—4.0000  3.3333 0.6667

The rate matrixR constructed using equation (119) is given by

—0.4757  0.3054 0.1703
R= 0.4406  —0.6109  0.1703 ) (164)

0.0351 0.3054  —0.3406
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and an instantaneous rate matrixQ.. — Qo) R is given by,

—0.4323 0.3046 0.1277
(165)

—(Qoo —Qo)R=| —0.4569 0.4569 0
—0.2554 0 0.2554

The evolved set transition probabilities at time: 0.3 is given by,

0.8845 0.0800 0.0355
Qo.3 = | 0.7800 0.2200 0 . (166)
0.8290 0 0.1710

Using the “vector” method, in which transition probability vectors evolve independently with the same set of
parameters, we would have obtained the identical result,

0.8846 0.0800 0.0354
Qo.3 = | 0.7798 0.2202 0 . (167)
0.8290 0 0.1710

The normalization functiom; given in equation (82) is different from zero only for dimensions larger than two. The
second and third row effectively have dimension two (since one of the elements is always zero), and do not require
normalization. For the first row the normalization function takes the valuge = 0.0020.

The vector method allows us to use more unrestricted sets of parameters than the matrix method since the conditions
in equation (78) are independent for each row. In principle, however, the conditions in equation (161) seem to allow
behaviors that the vector model does not allow sucHas”’ > mp = t2—?" as long as, simultaneously,

tf’—’D' >dp = tODO—’D/. In practice when | have tested that kind of situation, the rate matrices obtained are always

not real, and therefore they lack any biological interpretation.

Derivation of the algorithm to evolve a matrix of transition probabilities

We start with a model of the general form

Qi =Qo+ K (e —Iyn), (168)

whereQ) is the knownm x n matrix of probabilities at time zero, and the x n matrix X must still be determined.

Assume that we know the transition probabilities at time infinity, which we represent by the matrix Q... Then,
because of the asymptotic behavior of the exponential faghfty lim;_, o e*® = u,,¥T for somen dimensional
saturation probabilities, wherg! = (v, ... ,,), and then dimensional unity vector? = (1,...,1), we have

ro = QO + K (un '(/)T - Inxn) . (169)
This equation implies that
K =—(Qoo — Qo) + k9T, (170)

wherek is am dimensional vector that represents the sums by rows,dfe. Ej K(i,j) = k; which we impose to
be different from zero.

Because for the exponential fami§* we have the reversibility condition” e*®* = T for arbitrary time,
introducing the expression fdt in equation (170) in the equation (114) we have the general result,

Qt = QO - (Qoo - QO)(etR - Inxn)' (171)
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This result proves point (6) of the previous algorithm description.

Therefore if given,, Q. and an x n rate matrixR, which satisfy the reversibility conditions” R = 0, we can
calculate the evolved transition probabilities using the equation (171).

In the case in which the information given is the set of transition probabilities at a generating tuesignated by
Qs+, the calculation of the rate matri® involves the following steps:

(&) Them x n matrix K is by construction invertible because we have impdéeﬁ 0, for all rowsi.

A little aside with respect to matrix inversions is in order here. The (unique) inverse of a matrix is defined only

for square matrices. One can introduce a inverse—like matrix for a non—square matrix; these are called
pseudoinverses [69]. The pseudoinverse of a non—square matrix is not uniqgue and many pseudoinverses can be
defined; one of the best known is the Moore—Penrose matrix inverse [70]. We will see how despite the fact that
the pseudoinverse df is not unique, we can still defin@; uniquely.

Therefore solving folR in equation (114) at the particular timmgwe have
1
R= o log [I + K 1Q, — Qo)] 172)

whereK ~! is then x m pseudoinverse ak defined by the conditionE K ! = I,y andK 'K = I,,5,,.

(b) Because the final result fap, in equation (116) does not depend on the valuyese can set them with all
generality to the fornk; = p # 0. Therefore we have

K = _(Qoo - QO) +pUm ¢T~ (173)

BecauseX ~!'Ku,, = u, andKu,, = pu,,, then we need thak ~'u,,, = p~'u,. Therefore we propose that
then x m pseudoinverse matrik —! has the following form,

1
K 1'=0+-u,v7, (174)
p
where then x m matrix O, and them dimensional vector satisfy the conditions,

Oum = Oa (175)
v, = 1 (176)

(c) In order to satisfyK ~' K = I,,..,, we need to have,

v (Qoo — Qo) 0, 177)
-0 (Qoo - QO) + Un wT In><n- (178)

Equation (177) is a set of homogeneous linear equations that together with the normalization conditions in
equation (176) uniquely determine the veator

On the other hand, in order to satis/K ~* = I,,, .., the following must apply:

"o = 0, (179)
7(@00 - QO) O+ um v = Lnxm.- (180)
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Equation (180) is a set of linear equations which determin@side from a dependence on an arbitrary
probability vector. In particular we can find the expression of maiix terms of the vectop as we did in
equation (160).

Once the matrixXO has been obtained using equation (180) as a function of the wectore can verify that the
set of equations describe by (178) is automatically satisfied for any vé@siong as it satisfies the condition
T O = 0. This is the result presented in step (4) of the algorithm.

d) Because) corresponds to the saturation probabilitiegdt, then it is necessary that' R = 0. This condition is
( p p y

satisfied if,
U710+~ 0, Y@ = Qo) = 0. (181)
Therefore it implies that,

v (Qu — Qo) =0, (182)
which is the condition imposed in step (4) of the algorithm. Under those conditions, it results for the rate
matrix R,

R= ti 10g [Tnsn + O(Qs — Qo)) (183)

Notice that the parameter 0, which is necessary to be able to invert the maifixo calculate the rat&, does not
appear anywhere in the final result, either in the evolved transitfres in the value ofR. This results from the fact
that in either equation the only relevant component is the projectidn @ K —!) into (e!’* — I). The same
projection is what makes the vectorthat appears in the pseudoinvefSe! irrelevant. Even though

limy o0 et = urpT, itis also true thatim; . (Qs — Qo)e' = 0, so that the dependence grdisappears from the
final expression of) .

Reversibility and multiplicativity

For a given probabilistic model, imposing reversibility has different implications for its emission and transition
probabilities. In pair models, we assume that the emission probabilities are reversible by imposing

P(at, biyt) = Plaryv, bt ), which corresponds to using symmetric joint probabilities represented by the shorthand
notationP(a, b|t’). If the emissions do not involve gaps, the marginal probabilities do not evolve, and the evolved

joint probabilities are obtained from the evolved conditionals and the saturation probabilities. In the presence of gaps,
I have described how to construct the evolved conditionals and the corresponding evolved marginals in a way that
maintains reversibility for any arbitrary time, so that we can construct evolved symmetric joint probabilities.

For transition probabilities the situation is different. Mathematically, a matrix of transition probabilities is like a
substitution matrixi(e. conditional probabilities) but there is not the equivalent of “joint” probabilities for transitions.

To maintain reversibility for the transitions of a probabilistic model, one has to build reversibility in the design of the
model. In particular, one needs to be sure that the transition probabilities that involve gaps lack any directionality. For
instance, in the pair-HMM of Figure 1 we need to impose fat —~* = 7,XY—Y for arbitrary times. That is

achieved by making sure that the input transition probabilities attimeero and infinity do lack directionality.

Another property of probabilistic models of evolution for residue substitutions is multiplicativity. Multiplicativity is
an immediate property for evolutionary models of the feff. For residue—substitution evolutionary processes,
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multiplicativity implies that the transition from one given event (say resigue another event (say residbgin a
finite time, if it goes through any intermediate state, has to be of the form of any other possible substitution. In
mathematical terms,

P(bla,t+1t) ZP la,t)P(b]c,t). (184)

However, when allowing gaps, any intermediate evolutionary step can go through processes of deletions or insertions
in addition to substitutions; therefore multiplicativity as described in the previous equation does not hold anymore.
There is a natural explanation of why “substitutions-only multiplicativity” is modified when considering insertion

and deletion events. Consider the evolution of gaps as single characters, which was introduced previously in this
paper. The substitution matrix with ga@s satisfies the relationship

Qivv = QF Q' Q5 (185)

Analyzing this matrix equation by components and using the expressi@pfgiven in equation (22), the
substitution of residue into residueb in finite timet + ¢’ has the following terms:

P(bla,t+1t) = E P(cla,t)P(b|e,t)
1 /
+ —P(—|a,t)P(b|—,t) (186)
q0

+ (1—) |at2p€ (b e, t').

The first term corresponds to pure substitution events of the fiort ¢ N b, and it is identical to equation (184).
The second term modulated by the coefficila,h;o (introduced in equation (65), which is part of the non trivial

matrix Q) represents the eventin whieh—— — —b. The third term (preceded by coefficigiit— 1/q))

represents the eventin whieh-% — ¢ . _ . Note that this model would align at timet ¢’ residues which

could have been derived by a gap intermediate. This is usually discouraged by evolutionary models that describe the
evolutionary history of insertions and deletions, in which such event would be represerfteg.a=or the model at

hand, the fact that a gap can revert into a residue is a consequence of treating gaps as an additional residue in a
substitution matrix.

For the particular case of the generalized Jukes—Cantor model introduced before, it turns out that the two extra terms
in equation (186) are independent of the particular substitutions and cancel, such that

1 1 1—
—Ye & + (1 - ) yw—2 —0, (187)
qo0 9 4

Therefore the generalized Jukes—Cantor model preserves multiplicativity. This results from the extreme simplicity of
the model and is not true for more complicated models. For instance, for the rate matrix created from a p@ticular

in the other example presented in this paper (which is a particular case of the REV model [44]), the two extra terms in
equation (186) are different for the different nucleotide substitutions, and do not cancel out.

A more complicated situation appears for probabilistic models that introduce gaps in an affine manner. A given
residue—to—residue substitution process that occurred in a finite time could have appeared from a very large number
of intermediate situations in which stretches of other nucleotides could have been added or removed. The simple
one—to—one correspondence that models of substitutions maintain through evolution does not exist in the presence of
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insertion and deletion events. This does not mean that evolutionary models with gaps are inconsistent, however some
traditional properties of phylogenetic trees of single residue evolution such as the pulley principle [71] cannot be
applied under the transition probability evolution models.

Conclusions

Motivated by the goal of makingrNA (a comparative probabilistic method for RNA genefinding) an evolutionary
model, | have introduced several probabilistic methods to describe the evolution of insertion and deletion events. The
methods introduced here have a larger scope than this program alone, and they can be applied to other pair
probabilistic models and to profile HMMs and SCFGs as well.

| described an algorithm which addresses the evolution of gaps as an extra residdé4ng x (N + 1)

substitution matrix. This method can be applied to the joint emission probabilities of pair models. This method
allows us to maintain a stationafy—dimensional background distribution, while the actgl+ 1)—dimensional
background frequencies evolve towards all gaps at time infinity. | call this process quasi—stationary. As an example, |
showed an analytic solution for the Jukes—Cantor model extended to gaps.

| also presented two methods for the evolution of transition probabilities in a profile or pair HMM or SCFG, that are
applicable to any probabilistic model that uses transitions between states to model insertions and deletions. In the
first algorithm, the transition probabilities associated with one state in the model are evolved as a vector
independently of the transition probabilities associated to any other state in the model. | also presented a second
algorithm in which the transition probabilities associated with a given set of states co-evolve under the control of a
single rate matrix. | presented an example of the application of these methods to a pair-HMM and to a profile HMM.

| have applied these methods to the prog@rRnNA, which was the motivation for the development of the algorithms

in the first place QRNA contains three probabilistic models (tb&H, cob, andRNA models) that analyze the pattern

of mutation of a given pairwise alignment to decide which of the three models best classifies the alignment. These
models are a combination of generalized pair—HMMs and a pair—SCFG. Originally, this program assumed a fixed
divergence time, and all the emission probabilities of the different models were tied to trmisesafm62. That
produced aRNA parameterized for highly diverse sequences, which in turn produced a large number of false
positives for highly similar sequences. In the new programme, all emission and transition probabilities are a
continuous time—dependent family able to match any possible degree of sequence divergence.

The three models adrRNA (the 0TH, cOD, andRNA models) need to be at approximately the same evolutionary
distance, so that when a pairwise alignment is analyzed, the differences in scores of the models result from observing
a different pattern of mutations (coding, RNA, or none in particular) rather than because one model favors more
closely related sequences than the other. This model synchronization requires a nugmes-especific design

elements which are tangential to the implementation of the evolutionary models for indels and transition probabilities
presented in this paper. For reasons of clarity, | leave for another paper a detailed description of the particular
implementation designs that went intQrNA in order to make it fully evolutionary. In a nutshell, the transition
probabilities of theoTH andcob models are evolved according to the algorithm to evolve vectors of transition
probabilities, while the emission probabilities of those two models were evolved using the oggimalparameters

as the generating time of the respective rate matrix. Imthve model, for the context—free grammar component of

the model, the transitions are fixed, and the evolution of gaps is accommodated by treating gaps as extra characters
according to the method presented here for that purpose. The HMM componenroiameodel is parameterized
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with time similarly to theoTH andcoD models. Preliminary results show an important improvement compared with
the previous fixed—time implementation. The application of these evolutionary methods for other probabilistic
models for sequence comparison beyoq&rA should be tractable.

So far the methods presented here have been introduced only in profile and pair models. They could also be applied
to probabilistic models where, instead of aligning two contemporary sequences, one aligns a sequence to an ancestor.
The only difference with respect to an evolutionary pair model is that, in this case, the emission probabilities will be

the substitution (conditional) matrices themselves instead of joint conditional-on—time probabilities. One important
limitation of the methods presented here is that, in general, they lack the property of multiplicativity. In consequence,
in order to extend the methods presented here to more than two sequences related by a phylogenetic tree, one would
have to work with rooted trees. A future challenge is to incorporate these evolutionary methods into multiple

sequence probabilistic models that explicitly describe the phylogenetic relationship between the sequences.

Availability

The different models presented in this paper have been implemented in several small ANSI C programs. These are
not fully developed software applications, but demonstrations (for those who want to avoid the mathematical
descriptions) of how the different algorithms work. The programs are freely available at
http://selab.wustl.edu/publications/Rivas05/evolve.tar.gz

Appendix A. Conditions for the saturation of a generalized substitution matrix
In this appendix | provide the conditions for saturation of a generalized evolutionary model of the form
Q. = Qo €', Saturation can be described as
ah 1
Jm Q= ot = (g 0h) = U, (188)
ah . oa 1
for the unitary vector, and a set of saturation frequencies at time infinity denoteglhysuch thatg’ u = 1.

Here | show that saturation ¢f; = Q, e'¥ is a necessary condition of two properties of the maftix {Q(i;)},
normalization and positivity. | also show that the saturation probabiliti€3; fre the same as thosedf?.
Proposition A.1. Consider first the simplest cagg = e*%. Normalization,.e. Zj Q(ij) = 1, together with
positivity, i.e. Q(ij) > 0 Vi, j, imply that a substitution matrix of the for@; = ¢*% saturates to a set of
probabilities at time infinity.

Proof. Normalization of the rate matri%,_; Q(ij) = 1 implies that

Qu=q| : |=|: | (189)

Thatis,A = 1 is an eigenvalue of). It also has implications for the norm &f, defined as the largest row sum of
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absolute values

QI = max Y Q)] = 1. (190)
j=1

Therefore, because of the spectral theorem [72], the spectral radsdefined as the largest absolute value of any
eigenvalue of), is bounded by,

o(Q) < Q| = 1. (191)
On the other hand there is an eigenvalue 1 therefore
o(Q) =1. (192)

In consequencé) has one eigenvalug, = 1, and all other eigenvalues are smaller than one.

Therefore because the substitution matrix is of the f@m= ', it implies that the instantaneous rate matiixas
one null eigenvalue, and all the other are negative. If we assume that the null eigenvalue is not degenerate and that the
negative eigenvalues are real, we can write with all generality,

0
_)\2
R=U _ U1, (193)
A\
for some matrix/, and such thak; > 0fori =2,... n.
Therefore,; = et can be cast into the form,
1
e—t)\z
Q=U _ Ut (194)
e_t>\n
In the limit,
1
0
Jim Q=U| . [(L0,.. LOUT =0T wIU!, (195)
— 00 .
0
for vl = (1,0,...,0).
On the other hand using equation (194) we obtain
1 1 1
e A2 0 0
QiUYy =U , l=ul |, W, (196)
e~ tAn 0 0

which implies thatU/ ¥ is the eigenvector af) corresponding to the eigenvalte= 1. According to (189) that is,

1
Ubo=1| : |. (197)

37



Substituting in equation (195) we finally obtain,

lim Q= | : [vlUu— (198)

t—o0
1

This is the saturation condition (188) for some saturation probabilities defined by ¥'U 1.
Corollary A.1. For a generalized evolutionary model of the fof = Q, ¢'?, Q, also saturates at infinity, and the
saturation probabilities af), are given by those af'??, that is,

tlim Q: = tlim e®=uql. (199)
Proof. Note that by constructio®), has to have the same normalization and positivity conditiorg.a$t can be
shown that under those conditior@ngt = ¢! also has to add up to one, summing by rows, and all its elements
have to be positive. Therefore, using the result of Proposition A.1,

tlim Qath =uql. (200)
Therefore
Jlim Q: = (Qou)ak, = uak, (201)

which proves saturation for an evolutionary probabilistic process of the @re Qg e*~.

Appendix B. Implications of reversibility on a generalized evolutionary process

In this appendix | discuss the implications that reversibility imposes on a generalized evolutionary model. | show that
for an evolutionary model of the fori®@; = ¢!%*, the marginal probabilities with respect to whigh is reversible

have to be stationary, and therefore coincide with the saturation probabilities. | also show that for an evolutionary
model of the general forr®, = Q, e*%, the marginal probabilities with respect to whi€h is reversible can change

with time. In this way we decouple the “reversibility” frequencies from the saturation frequencies. | also demonstrate
how to calculate the saturation probabilities, givgnand@, at one particular time,. This system sets the ground

for the quasi—stationary model of evolution with gaps as an extra indel.

Lemma B.1. Consider a given matrix of conditional probabiliti€s, [Zj Q.(ij) =1 Vi] which is reversible with
respect to a set of marginal probabilitigs

Px(1)Q+ (i) = p+(7)Qx (j1). (202)

Then one can see that reversibility implies
P Qu =Py - (203)

Proof. Summing one of the indices in the reversibility conditions and taking into account the normalization condition
for the Q, matrix results in,

Zp*mc)*(z'j) = p.(j) Z Q4 (ji) = p.(), (204)

which in vectorial notation takes the forpd Q, = p?.
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Lemma B.2.If R = log Q. then the reversibility condition (202) f@p,. implies that
p(D)R(ij) = p«(j)R(ji) A piR=0. (205)
Proof. If R = log Q, then because of the Taylor series we have
1\~ ()
- Z 7 T (206)

Because of the reversibility condition f@, (202) it is also true that

Px()(Qx — I)"(i7) = p+(3)(Qx — 1)" (j7), (207)

for n > 1. Therefore it follows that

p« (1) R(ij) = p« () R(ji). (208)
In addition we can also see by inspecting equation (206) that the normalization condit®@p ti@nslates into
>_; R(ij) =0 Vi, which implies that

Zp* (ij)=0 Vj or p'R=0. (209)
Lemma B.3.If Q, is a conditional matrix that satisfies the reversibility condition (202) &nd log @, then the
saturation probabilities aR are given by the, vector in (202), that is,

lim et = up?. (210)

t—o0o

Proof. Taking fromLemma B.2.we havep! R = 0; thereforep” R™ = 0 for n > 0, and because of the relationship

n=oo
= (211)
it results that
pre =pl (212)
for arbitrary t. Therefore, it also holds in the limit of very large time that
pl lim etf = pT. (213)

t—oo

Additionally, Appendix A shows thdim; ., e!'* = uqZ,,. Combining those two equations together we have

pe =py lim e = plugiy =iy (214)

This proves that the saturation probabilities are

Proposition B.1. For a reversible evolutionary model of the fofpa = e!%, it results that the associated marginal
probabilities with respect to which the parametric fandjlyis reversible have to be stationanye(time independent).

Proof. From the parametric familg); select one particular instaneg and conside€, = Q:—., . Suppose that the
marginal probabilities at this time are given py, that is:p?'Q, = p!. Because of the relationship = log Q,, it

39



follows from Lemma B.3 that the whole parametric family® hasp, as the corresponding marginal probabilities,
therefore the marginal probabilities do not evolve with time (stationary).

Proposition B.2. For a reversible generalized evolutionary model of the fghm= Q.et%, the associated marginal
probabilities with respect of whict; is reversible can be evolved with time.

proof. In order to prove that this is the case, we just need to find an example in which that statement is true. Consider
again one particular instancg, = Q;—;~ with its corresponding marginal probabilitips. Because the model is

reversible for arbitrary divergence times, in particular there should be spm®babilities such thatl Qo = pl'.

For this generalized model, the rate matrix is givenfby- log(QalQ*). Therefore it follow byLemma B.3 that the
saturation probabilities aR are given by the condition

Poo ()(Q 1 Q) (1) = Poo () (Qg Q) (79).- (215)
Therefore the saturation probabilities, are different fronp, as long a®q # p..

Therefore, we have constructed a parametric far@ily= Qoet’, in which the marginal probabilities for
reversibility arepg at time zerop, att,, andp., at time infinity, withpy # p. # pso. Therefore if there is
reversibility at arbitrary time, the marginals have to be time dependent,

Pt(i)Qt(ij) = Pt(j)Qt(ji)- (216)

In particular in the Section “The evolution of emission probabilities with indels treated as an extra character” we have
constructed a system in which the time—dependent reversibility condition (216) is satisfied by marginal probabilities
that are quasi-stationary with respect to sdme- 1) p, probabilities,

pe(i) = po(i)(1—Ay), fori=1,...n—1 (217)
pe(n) = A (218)
(219)
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Figures

Figure 1:A pair-HMM model.

Description of a pai—rHMM model. The three states: Emit—a—pair (XY), Emit—X (X), and Emit-Y (Y) have four
possible transitions each, which we are going to make time—dependent functions. This a geometric model, in which
the expected length is given By ~. In order to generate alignments with the same expected length at all times, we
will leave the parameter (the transition of each of the three states into the exit state) unchanged with time. The
figure shows the transition probabilities having the following propertigdy =X = 7XY =X 7X=X — 7V=Y

TX=Y =T1Y—=X, TB=X = TB=Y These properties guarantee that the model is reversible.
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Figure 2:Part of a profile HMM model.

For a profile HMM we depict the transition probabilities associated with the states of a given consensus position in the
profile: Match (1), Insert (), and Delete D). The three states corresponding to the next position in the profile are
referred to with primes. The Match state has three transitions {int¢’, and D’), while the Insert and Delete states

have two transitions each (infoand M/, and intoD’ and M’ respectively).
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Tables

Table 1:Rate matrix generated fromBLOSUM62
Rate matrix obtained from the amino—acid substitution mari®sum62, rescaled to have an average number of one substitution per amino ac
Notice in bold the two off diagonal negative entries.

A C D E F G H I K L M N P Q R S T \'2 w Y

- .0285 .0190 .0562 .0222 .1062 L0111 .0325 .0489 .0882 .0204 .0053 .0448 .0366 .0553 .2376 .0890 .1380 .0034 .0159
.1416 — .0206 .0013 .0239 .0199 .0081 .0557 .0173 .0887 L0277 .0133 .0158 L0121 L0177 0773 .0582 .0599 .0077 .0192
.0256 .0056 — .2332 .0143 .0525 .0154 .0240 .0339 .0065 .0048 .0998 .0379 .0476 .0131 .1019 .0452 .0140 .0018 .0068
.0614 .0003 .1892 - .0110 .0230 .0302 .0093 .1359 .0184 .0064 .0487 .0347 .1814 .0610 .0963 .0398 .0400 .0034 .0134
.0454 .0098 .0216 .0207 — .0266 .0186 L1112 .0174 .1497 .0509 .0133 .0075 .0063 L0172 .0490 .0333 .0391 .0268 .2090
.1134 .0043 .0416 .0225 .0139 - .0102 .0046 .0242 .0106 .0070 .0609 .0225 L0171 .0252 .1023 .0203 .0201 .0067 .0088
.0374 .0055 .0385 .0927 .0307 .0322 — .0178 .0389 .0217 .0141 .1140 .0249 .0632 .0842 .0603 .0230 .0141 .0048 L1251
.0440 .0152 .0242 .0115 .0737 .0058 .0072 — .0020 .4650 .0542 .0156 .0109 —.0016 .0173 .0495 .0322 .6914 .0021 .0231
.0590 .0042 .0305 .1504 .0103 .0274 .0140 .0018 — .0491 .0252 .0591 .0397 .0999 .2220 .1133 .0413 L0411 .0034 .0155
.0723 .0146 .0040 .0138 .0601 .0081 .0053 .2818 .0333 - .1378 L0117 .0133 .0214 .0311 .0304 .0525 .1133 .0060 .0246
.0687 .0187 .0120 .0196 .0839 .0221 .0141 .1348 .0701 .5656 - .0264 .0328 L1274 .0696 .1015 .0501 .2386 .0149 .0258
.0083 .0041 .1148 .0691 .0101 .0883 .0526 .0178 L0757 .0222 L0121 - .0181 L0551 .0753 .1908 .0823 .0116 .0011 .0141
.0653 .0046 .0409 .0462 .0054 .0307 .0108 .0118 .0479 .0236 .0142 .0170 — .0342 .0219 L0571 .0474 .0365 .0020 .0092
.0676 .0045 .0654 .3069 .0057 .0296 .0347 —.0022 .1528 .0483 .0700 .0658 .0434 - .1534 .1243 .0463 .0396 .0075 .0367
.0849 .0055 .0149 .0857 .0129 .0363 .0385 .0197 .2819 .0581 .0318 .0746 .0231 L1274 - .0498 .0595 .0033 .0041 L0172
.2333 .0153 .0743 .0866 .0236 .0940 .0176 .0359 .0921 .0364 .0296 L1210 .0385 .0661 .0319 - .1644 .0049 .0030 .0143
L1129 .0149 .0426 .0462 .0207 .0241 .0087 .0302 .0433 .0813 .0189 .0674 .0413 .0318 .0491 .2124 — .1263 .0071 .0145
.1608 .0141 L0121 .0426 .0223 .0219 .0049 .5952 .0396 .1609 .0826 .0087 .0292 .0250 .0025 .0058 .1160 — .0028 .0313
.0203 .0091 .0079 .0182 .0775 .0371 .0083 .0091 .0168 .0432 .0261 .0041 .0083 .0240 .0156 .0178 .0331 .0142 — .0937
.0374 .0091 .0120 .0288 L2411 .0194 .0877 .0402 .0301 .0707 .0181 .0214 .0148 .0468 .0264 .0342 .0269 .0632 .0374 -

Table 2:Regularized rate matrix generated fromBLOSUM 62

Regularized rate matrix generated fr@nosum62 after the QOG algorithm has been applied. The matrix has been rescaled to have an ave
number of one substitution per amino acid. In this simple case in which there was at most one negative off-diagonal entry per row, the regular
process requires the negative off-diagonal value to be set to zero (represented in bold in this Table), and to shift the rest of the elements in tha
the corresponding amount so that the sum of all elements is zero. Rows without any off-diagonal negative values remain unchanged from the
obtained in Table 1.

A C D E F G H I K L M N P Q R S T \ w Y
- .0285 .0190 .0562 .0222 .1062 L0111 .0325 .0489 .0882 .0204 .0053 .0448 .0366 .0553 .2376 .0890 .1380 .0034 .0159
.1416 — .0206 .0013 .0239 .0199 .0081 .0557 .0173 .0887 L0277 .0133 .0158 .0121 L0177 .0773 .0582 .0599 .0077 .0192
.0256 .0056 — .2332 .0143 .0525 .0154 .0240 .0339 .0065 .0048 .0998 .0379 .0476 .0131 .1019 .0452 .0140 .0018 .0068
.0614 .0003 .1892 - .0110 .0230 .0302 .0093 .1359 .0184 .0064 .0487 .0347 .1814 .0610 .0963 .0398 .0400 .0034 .0134
.0454 .0098 .0216 .0207 - .0266 .0186 .1112 .0174 .1497 .0509 .0133 .0075 .0063 L0172 .0490 .0333 .0391 .0268 .2090
.1134 .0043 .0416 .0225 .0139 - .0102 .0046 .0242 .0106 .0070 .0609 .0225 L0171 .0252 .1023 .0203 .0201 .0067 .0088
.0374 .0055 .0385 .0927 .0307 .0322 - .0178 .0389 .0217 .0141 L1140 .0249 .0632 .0842 .0603 .0230 .0141 .0048 L1251
.0439 .0151 .0241 .0114 .0736 .0057 .0071 - .0020 .4650 .0542 .0155 .0109 .0000 .0173 .0494 .0321 .6914 .0020 .0230
.0590 .0042 .0305 .1504 .0103 .0274 .0140 .0018 - .0491 .0252 .0591 .0397 .0999 .2220 .1133 .0413 .0411 .0034 .0155
= .0723 .0146 .0040 .0138 .0601 .0081 .0053 .2818 .0333 - .1378 .0117 .0133 .0214 .0311 .0304 .0525 .1133 .0060 .0246
.0687 .0187 .0120 .0196 .0839 .0221 .0141 .1348 .0701 .5656 — .0264 .0328 L1274 .0696 .1015 .0501 .2386 .0149 .0258
.0083 .0041 11148 .0691 .0101 .0883 .0526 .0178 .0757 .0222 L0121 — .0181 .0551 .0753 .1908 .0823 .0116 .0011 .0141
.0653 .0046 .0409 .0462 .0054 .0307 .0108 .0118 .0479 .0236 .0142 .0170 — .0342 .0219 L0571 .0474 .0365 .0020 .0092
.0674 .0044 .0653 .3068 .0056 .0295 .0346 .0000 .1527 .0482 .0699 .0657 .0433 - .1532 L1242 .0462 .0395 .0074 .0366
.0849 .0055 .0149 .0857 .0129 .0363 .0385 .0197 .2819 .0581 .0318 .0746 .0231 L1274 - .0498 .0595 .0033 .0041 .0172
.2333 .0153 .0743 .0866 .0236 .0940 .0176 .0359 .0921 .0364 .0296 L1210 .0385 .0661 .0319 — .1644 .0049 .0030 .0143
.1129 .0149 .0426 .0462 .0207 .0241 .0087 .0302 .0433 .0813 .0189 .0674 .0413 .0318 .0491 .2124 - .1263 .0071 .0145
.1608 .0141 .0121 .0426 .0223 .0219 .0049 .5952 .0396 .1609 .0826 .0087 .0292 .0250 .0025 .0058 .1160 - .0028 .0313
.0203 .0091 .0079 .0182 .0775 .0371 .0083 .0091 .0168 .0432 .0261 .0041 .0083 .0240 .0156 .0178 .0331 .0142 - .0937

.0374 .0091 .0120 .0288 L2411 .0194 .0877 .0402 .0301 .0707 .0181 .0214 .0148 .0468 .0264 .0342 .0269 .0632 .0374 —

46




