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Noncoding RNAs are any transcript that functions directly as RNA rather than

being translated into protein. Many noncoding RNAs conserve intramolecular

secondary structure. When a lot of data is available, comparative sequence

analysis is a powerful approach to predicting RNA secondary structure. More

frequently, only a small number of structurally homologous RNA sequences are

known. In this case some evolutionary information is available, but insufficient

for a pure comparative analysis. Predicting consensus RNA secondary structure

for small datasets is an open problem. In this work we approach the problem by

examining the case of predicting the consensus structure between two RNA

sequences. We use a pairwise stochastic context-free grammar to model



secondary structure and alignment simultaneously. The resulting algorithm is

computationally expensive, so we also develop a method of constraining the

algorithm to reduce memory and runtime requirements.
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Chapter 1

Background

1.1 Noncoding RNAs

A noncoding ribonucleic acid (ncRNA) is any RNA transcript that

functions directly as RNA rather than being translated into protein. The list of

ncRNAs is extensive and growing [32,35,107,161]. They are a diverse collection,

ranging in size from 21 nt (miRNAs) to >10,000 nt (Xist). They play roles as

catalytic, regulatory, or structural components in the cell. A few deserve special

mention here as they are important to this work.

Ribosomes were originally identified as discrete particles in the

cytoplasm [133] that were soon determined to be the site of protein synthesis [19].

Speculation about the function of ribosomal RNA (rRNA) began when cleavage

of a single phosphodiester bond in 16S rRNA was shown to cause inactivation of

ribosome function [10,153]. The crystal structure of the large subunit of the

ribosomal RNA confirmed that the ribosome is in fact a ribozyme [6,126].

Crick famously identified the need for an adapter between the genetic code

and amino acid encodings [19]. Serendipitously, the same year Hoagland noted

that specific RNAs pick up radio-labeled leucine, transferring it to a growing

peptide chain [67]. The first transfer RNA (tRNA) sequence was determined in

1965 [75]. Just one year later, with only four comparative sequences, the

secondary structure of tRNA was speculated to be the cloverleaf [113,142,186].
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Enzymatic digestion [186], X-ray crystallography [94], and nuclear magnetic

resonance [155] confirmed the now famous cloverleaf.

Ribonuclease P (RNase P) was first characterized as an enzyme required

for the processing of the 5′ termini of precursor tRNA in Escherichia coli [3].

Purified RNase P was found to contain both RNA and protein, both essential for

function [45,160]. Later experiments showed that the catalytic subunit of this

enzyme is the RNA subunit [52].

The signal recognition protein was renamed to signal recognition particle

(SRP) when it was found to contain 7S RNA. The SRP RNA is involved in

targeting secretory and membrane proteins to the appropriate membrane in the

cell [92, 173].

The tmRNA combines the functions of mRNA and tRNA in one molecule.

The 3′ and 5′ ends come together to form a tRNA-like structure that can be

charged with alanine. It can then occupy the ribosomal A site of a stalled

ribosome. The alanine is donated to the growing peptide chain in the P site and

the mRNA portion of the tmRNA becomes the new message. This results in an

11 amino-acid tag to the growing chain which tags it for degradation [5, 66]. To

accomplish this interesting mechanism requires tmRNA to take a complex shape

with at least four pseudoknots [37].

Numerous databases have been developed which are devoted to one

particular type of ncRNA. Examples include the RNase P database [11], the

Signal Recognition Particle database [149], the tmRNA database [193], the

Spritzl tRNA database [158], and the European ribosomal RNA database [182].

The quality and formatting of the information available is quite variable.

Consequently, there have also been recent efforts to collect and standardize

ncRNA information including the comparative RNA website [13] and the Rfam

database [51]. The availability of these data collections is vital to both

computational and experimental progress in RNA biology.

The best known ncRNAs have complex three-dimensional structures.

Biochemists utilize X-ray crystallography and nuclear magnetic resonance (NMR)

spectroscopy studies to elucidate the tertiary structure of an RNA molecule.

NMR methods were used to solve the tertiary structure of tetraloop
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motifs [65, 90,171]. In general, NMR studies are limited to roughly 20 kD (60

nucleotides) [139]. X-ray crystallography has produced many of the most

spectacular confirmations of the enzymatic activity of ribozyme

RNAs [6,29,74,126]. Unfortunately, tertiary structure studies are time

consuming, expensive, and complex.

1.2 Secondary Structure

Doty and colleagues showed that RNA demonstrates changes in optical

density with increasing temperature [28] that are characteristic of secondary

structure. They suggested that about half of the bases in the RNA molecules

examined are involved in helical regions. (Interestingly, this estimate has held

over time as roughly half of the nucleotides in known RNA secondary structures

participate in base pair interactions [118].) A year later they proposed that RNA

base pairs are the canonical Watson-Crick A·U and G·C pairs [43,44]. Crick

proposed, after examining how tRNAs might recognize the genetic code, that

G·U is also a valid base pair in RNA secondary structure [20].

Figure 1.1: Example RNA secondary structure. An example RNA secondary
structure, courtesy of [30]. The black lines connect base pairs. The four kinds of
loops are labeled by roman numerals where I is a bulge loop, II are hairpin loops,
III is a multibranch loop, and IV is an internal loop.

Secondary structure interactions are typically stronger than

tertiary [84,114]. An example secondary structure is shown in Figure 1.1. A
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secondary structure can be decomposed into a number of motifs known as

internal loops, bulge loops, hairpin loops, multibranch loops, and base pairs.

Many ncRNAs conserve secondary structure rather than primary sequence.

By convention, a base pair is described between positions i and j by i · j
where i < j. When considering two base pairs i · j and i′ · j′, i = i′ if and only if

j = j′. In other words, each nucleotide can take part in at most one base pair.

Base triples and G-quartets violate this definition, therefore they are considered

tertiary features. Adjacent base pairs (i′ = i + 1, j′ = j − 1) are said to be

‘neighbors’ and participate in stacking. A base pair without any neighboring

pairs is a lone pair. A pseudoknot is when any two base pairs satisfy

i < i′ < j < j′. Pseudoknot base pairs are not as stable as base pairs in other

motifs, often depending greatly on the Mg2+ concentration [48,184].

At least two definitions of secondary structure exist. The most commonly

utilized definition considers a secondary structure to be a set of base pairs [189].

An alternative definition is as a set of loops, where adjacent base pairs are

considered a loop of size zero [40]. The distinction is perhaps pedantic, but

becomes important when comparing structures, counting unique structures, or

enumerating all possible structures. The set of base pairs definition is assumed

here.

Accurate RNA secondary structure predictions help in understanding an

RNA’s function, in identifying novel functional RNAs in genome sequences, and

in recognizing evolutionarily related RNAs in other organisms. Often the

sequence of a proposed ncRNA is known, but its secondary structure is not

known. Extensive work has been directed toward predicting the secondary

structure of a RNA sequence. The influence of tertiary interactions is generally

ignored when predicting secondary structure.

The problem of RNA secondary structure prediction is an optimization

problem. Therefore, the goal is to find the best of all possible solutions. It is

important then to define “best”. An objective function is any function which

determines how good a particular solution is. Given a perfect objective function,

any reasonable algorithm could be utilized to generate accurate RNA secondary
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structure predictions. Unfortunately, knowledge about the cellular forces that

determine secondary structure is limited.

1.3 Thermodynamics

Secondary structures are stabilized by noncovalent interactions such as

stacking and hydrogen-bonding. It was quickly recognized that understanding

the energetics of these interactions would lead to prediction of secondary

structure [168]. Consequently, tremendous effort has been made toward

measuring the nucleic acid energy parameters. The main two methods are

absorbance melting curves and microcalorimetry [88]. The earliest free energy

parameters were referred to as “Tinoco rules” [8, 167,168], but in the mid-1980’s

these were supplanted by the “Turner rules” [42,118,170,172,185].

The current state of the art parameters are composed of base pair and

loop components. The stability of helices is considered well determined [185].

But the sequence dependence of thermodynamic parameterization means that

loops cannot be exhaustively studied experimentally. Three approaches to loop

parameterization have been undertaken. The first uses representative sequences

as models to a wider variety of sequences [118]. Alternatively, observed

frequencies are considered a proxy to the free energy [83,118,172]. The third

method, used mostly for multibranch loops, adjusts the thermodynamic

parameters to improve the accuracy on known structures [55,118]. The full set of

thermodynamic parameters are therefore an approximation based on a finite set

of experiments [116].

Collectively these energies are referred to as ‘nearest neighbor’ rules

because individual terms in helices depend not on single base pairs but instead

condition on adjacent pairs. The nearest neighbor model is used to predict the

standard free-energy ∆G at 37◦ C of forming secondary structure. Free energies

are assumed to be additive and the lowest free energy structure is considered the

optimal structure.

One of the first computerized approaches to predicting RNA secondary

structure utilized the free energy parameters to score all possible combinations of
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stems [138]. The runtime for this combinatorial algorithm grows exponentially

with the length of the sequence. Maximizing the number of base pairs was

manually utilized to help determine the structure of one of the first tRNA

sequences [112]. The first dynamic programming algorithm, by Ruth Nussinov,

for predicting RNA secondary structure uses the same scoring system [129]. The

technique was quickly extended to the optimization of free energy

instead [128,174,191].

The most popular algorithm for utilizing the free energy parameters is the

dynamic programming method of Zuker [191]. The algorithm computes the

minimal free energy (mfe) structure. The algorithm assumes the secondary

structure is at equilibrium, that there is a single conformation for the RNA, and

that the thermodynamic parameters are error-free. At least three separate

implementations of the algorithm exist, mfold [190,191], RNAstructure [116,118],

and the Vienna RNA package [69,73]. These algorithms are typically O(L3) in

time and O(L2) in space where L is the length of the sequence [110,191].

An alternative to a single lowest free energy structure is to compute

suboptimals close to the lowest free energy structure. The exact approach

utilized varies including finding all substantially different solutions within a given

range [177,187], enumerating all possible solutions within the given

range [175,176,180], or sampling from the posterior probability

distribution [24,30].

The energy parameters have also been utilized to compute the partition

function for secondary structure formation [73,116,120]. The partition function

provides the normalizing coefficient necessary to convert the free energy of a

particular structure into a probability. A massively parallel implementation was

undertaken for the study of viral genomes [36]. The partition function can be

utilized to calculate structures containing only consistent high probability base

pairs [116].

Coaxial stacking has proven to be an important component to the

thermodynamic parameters [172]. To manage coaxials, a second energy function,

efn2, calculation was written to rescore proposed structures. The recommended

thermodynamic method for predicting structure was therefore to predict some
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number of suboptimals and rescore using efn2 to select the lowest free-energy

structure [118]. Only recently has the RNAstructure implementation included

some coaxials in the dynamic programming formulation and no longer depends

on efn2 rescoring [115].

Pseudoknots are known to exist in natural structures such as group I

introns [21] and tmRNA [37,178]. A limited set of energy parameters has been

suggested for pseudoknots [54]. A thermodynamic dynamic programming

solution has been proposed [145] which is O(L6) in time and O(L4) in memory.

Work continues on the pseudoknot prediction problem [26,87,109,143,150]. In

the meantime, pseudoknots are excluded from most secondary structure

prediction algorithms.

Experimental Constraints

Experience has shown that small changes in thermodynamic parameters

can result in very large changes in predicted folding [188]. Independent

evaluation of the nearest-neighbor energy parameters concludes that they do not

work well for predicting the secondary structure of large RNAs [27,39,57].

Consequently, it is generally accepted [115,189] that predicting a single “correct”

fold requires auxiliary information.

The need for auxiliary information was recognized early [140,191]. This

auxiliary information constrains the space of possible secondary structures.

Constraints come in many different forms including knowledge about location of

binding proteins, intra-RNA cross-linking, chemical modifications, and enzymatic

cleavage [34]. Proposed structures can be tested by site-directed mutagenesis and

chemical-interference studies.

For example, cobra venom (RNase VI) cleaves RNA in double-stranded

regions without consideration of sequence. Several nucleases cleave

single-stranded regions without sequence preference. Flavin derivatives can be

used to cleave RNA specifically at uridines involved in G·U base pairs via

photo-induced mechanisms [12].
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Chemical modifications such as CMCT, DMS, and kethoxal react with the

hydrogen-bonding groups of solvent-exposed bases. CMCT reacts with U and G,

DMS reacts with A and C, and kethoxal with G [34]. To be accessible to

chemical modification, the base must be in a single-stranded region, at the end of

a helix, or in adjacent G·U pairs. Utilization of chemical modification data as

constraints improves prediction accuracy significantly [115,116].

1.4 Covariation

Luckily, in most cases we have more than a single sequence. With many

related sequences, comparative sequence analysis can be utilized to extract

information about the common underlying structure. Conserved base pairing

interactions are revealed by compensatory mutations in large RNA multiple

sequence alignments [2, 18,53,59,100,125]. Arguably, this is the most powerful

source for RNA structure prediction in absence of a crystal

structure [56,57,59,131].

The first successful utilization of comparative sequence analysis identified

the cloverleaf structure of tRNA using (surprisingly) only four

sequences [75,113,130,142,186]. A non-exhaustive list of RNAs with a secondary

structure determined in this fashion includes tRNA, 5S [41], 16S [179], 23S [127],

group I introns [22,122], group II introns [122], RNase P RNA [85], SRP [192],

and the telomerase RNA [148]. Lone pairs, non-canonical base pairs, base triples,

coaxial stacking, and pseudoknots have all been identified by comparative

sequence analysis [121].

Comparative sequence analysis is extremely reliable, and has produced

strikingly accurate RNA structure predictions [56,123]. For example, the

predicted secondary structure of ribosomal RNA has been essentially confirmed

by recent crystal structures; 97-98% of the predicted base pairs are confirmed by

experimental structures [56]. The trouble is that rRNA predictions were refined

by experts over twenty years, ultimately utilizing data from about 7000 small

subunit rRNA sequences and 1050 large subunit rRNA sequences [56].
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There are many RNA structures of biological interest [32,161],

consequently there is a need for automated approaches that combine evolutionary

information from comparative sequence analysis with biophysical knowledge of

what structures are most plausible. Statistical methods are used to detect

covarying base pairs, ranging from mutual information criteria [18, 58] to more

sophisticated phylogenetic models [2, 53,125]. Given an accurate multiple

alignment, a large number of sequences, and sufficient sequence diversity,

statistical comparative analysis alone is sufficient to produce very accurate

structure prediction [56].

One is usually not blessed with the large number of sequences or the

expertise that a purely comparative approach requires. An outstanding problem

is consensus RNA secondary structure prediction for a small number of

structurally homologous RNA sequences. In this cases some evolutionary

information is available, but insufficient for a pure comparative analysis.

Approaches to this problem described thusfar fall into two classes: the RNA

sequence alignment is treated as known [14,18,60,71,72,89,98,100,102,134,162],

or the sequences are given unaligned, leading to an even harder problem of

simultaneous folding and alignment [49,50,80,87,108,119,135,137,152].

1.5 Probabilistic Models

However, it is not clear how best to combine probabilistic evolutionary

information with the thermodynamic parameters of the standard energy

minimization model into a meaningful, mathematically defensible objective

function. Clearly one can use the Gibbs-Boltzmann equation to convert an

overall ∆G for a structure into a probability of that structure in an ensemble of

all possible structures [24, 120], but it is not possible to exactly interpret

individual energy parameters in the thermodynamic model as log probabilities.

Consequently, nearly all consensus RNA structure prediction methods that have

been introduced optimize an ad hoc weighted combination of thermodynamic

parameters and comparative sequence analysis terms.
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Basing the overall objective function purely on thermodynamics seems

problematic. It is hard to see how to express inherently stochastic evolutionary

events in terms of free energies. For example, it does not make much sense to

speak of the free energy of a deletion conditional on a divergence time. That said,

Mathews and Turner’s Dynalign program does do this [119], and performs well:

using a dynamic programming approach to calculate the consensus structure for

a pair of RNA sequences by optimizing the sum of the two structures’ predicted

free energies, while using an ad hoc pseudoenergy penalty for indels.

In contrast, deriving a combined objective function in terms of probability

theory is straightforward. Consensus RNA structure prediction can be treated as

a Bayesian statistical inference problem [23,30]. One can find a consensus

structure with maximum posterior probability by finding the structure that

maximizes the joint probability of both the sequences and the structure; this is

the product of an evolutionary model expressing the probability of the

homologous sequences given some secondary structure and a model expressing

the a priori probability of that structure [100].

If one expresses RNA secondary structure plausibility directly as a full

probabilistic model, the desired joint probability can be optimized easily,

identifying optimal (or sampling suboptimal) consensus structures by dynamic

programming. Knudsen and Hein were the first to address consensus RNA

secondary structure prediction using a consistent probabilistic model that

combines an explicit stochastic evolutionary model with a stochastic context-free

grammar based probabilistic model of structure plausibility. They find a

consensus structure that optimizes a joint probability of the structure and

multiple aligned homologous sequences [100,102].

The stochastic evolutionary model of Knudsen and Hein is a general

stationary time-reversible model [106,163]. It can be regarded as a

time-continuous Markovian process characterized by a rate matrix R. The

probabilities of the process for time t units are generally given by Q(t) = expRt.

Knudsen and Hein utilize this model for both the unpaired nucleotides and base

paired nucleotides [100,125,157]. The model treats any observed change in a base

pair as a single mutation, a simplification that appears valid for at least
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rRNA [166]. In more recent work, Knudsen et al. show that the rate matrix

approach to parameterizing base pairing is robust [99].

The Knudsen and Hein approach uses a class of probabilistic models called

stochastic context-free grammars (SCFGs) that are a convenient basis for

probabilistic modeling of non-pseudoknotted RNA structure [30,33,151]. The

dynamic programming algorithms for working with SCFGs are essentially

identical to the standard dynamic programming algorithms for RNA folding.

In addition to the Knudsen and Hein approach, at least three other

SCFG-based approaches to RNA secondary structure prediction have been

described. These include an SCFG-based mirror of the standard Zuker algorithm

for single-sequence structure prediction [146], and two “pairSCFG” approaches

for simultaneous folding and alignment of two homologous RNAs [80,147]. All

four groups use different underlying SCFG designs. No group appears to have

explored different possible SCFG designs before settling on the one they used.

Only Knudsen and Hein reported any benchmark results for the accuracy of their

secondary structure predictions [100,102]. It is not known how different designs

affect the accuracy of SCFG-based secondary structure prediction.

1.6 The Sankoff Algorithm

The Knudsen and Hein approach requires a multiple sequence alignment as

input. Unfortunately, to produce an accurate RNA multiple alignment requires

knowledge of the secondary structure. Therefore, comparative approaches which

require a multiple sequence alignment as input are problematic. Ultimately the

problems of alignment and folding should be addressed simultaneously. Several

approaches to this problem have been proposed.

One approach is to calculate the base pair probability matrix for every

sequence and then seek to align these matrices by simulated annealing [93], a

semi-manual approach [108], or by dynamic programming [70]. Unfortunately,

this is related to the threading problem which is known to be NP-complete [105].

Others seek to find a set of shared helices between the sequences utilizing genetic
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algorithms [17,82,137,169], pattern recognition [9, 135], or a graph-theoretic

approaches [87]. All of these approaches require heuristics to be made tractable.

In 1985, David Sankoff [152] proposed a dynamic programming algorithm

to combine the problems of alignment and folding by optimizing a linear

combination of the objective functions utilized when the problems are treated

separately. Sankoff described the problem generally, detailing an algorithm which

is is O(L3n) in time and O(L2n) in space, where L is the length of the sequences

and n is the number of sequences in the set. When the Sankoff algorithm is

limited to two sequences, it is O(L4) and O(L6) in space and time respectively.

The original paper was theoretical and well in advance of the compute resources

available at the time.

A historical aside is worth mentioning. While Sankoff defined secondary

structure as a set of base pairs, his simultaneous fold and alignment algorithm

did not require the sequences to share a common secondary structure. Instead,

he sought to identify a common “shape” between the sequences of interest, where

shape was loosely defined as a function of the branching pattern of stems. In

general, the issue of shapes is one of defining similarity metrics between

structures [47,124]. It is somewhat philosophical in nature and beyond the scope

of this work.

It can be argued that any algorithm which considers folding and alignment

simultaneously, calculating a structural alignment, is a variation of “the Sankoff

algorithm”. Sankoff is a prolific and talented researcher. As such, “the Sankoff

algorithm” is somewhat vague. For example, the Sankoff algorithm referred to

here differs from the Sankoff algorithm discussed in Felsenstein’s Inferring

Phylogenies [38]. In the context of this work, the Sankoff algorithm and

structural alignment are interchangeable and refer to the work of [152].

The first practical implementation of the Sankoff algorithm was Gorodkin’s

FOLDALIGN [49] which utilized a simple base pair maximization scoring scheme

and did not permit multibranch loops. FOLDALIGN performs alignment

between pairs of sequences and then does the multiple alignment through a

greedy approach. The resulting algorithm is O(L4) in time and memory [49,50].
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Mathews and Turner utilize the nearest neighbor free energy parameters

and permit multibranch loops, but largely ignore sequence homology information.

Their implementation, Dynalign, is limited to pairwise alignment. Dynalign

depends on three input parameters: an ad hoc pseudoenergy penalty for gaps

∆G0
gap, a maximum alignment offset M, and an indicator for if single nucleotide

pairs are permitted. Dynalign uses a banded alignment approach where a

nucleotide at position i in one sequence aligns to j which is restricted to

(i−M) < j < (i +M). When single nucleotide pairs are allowed, a single

inserted base pair can be included uniquely in either structure if it is between two

conserved base pairs. The algorithm is O(M3L3) in time and O(M2L2) in

memory where L is the shorter sequence [119].

Holmes and Rubin describe a general pairwise stochastic context-free

grammar approach that utilizes “fold envelopes” to restrict the set of base

pairings allowed to be considered. Therefore, rather than considering all possible

structures, the algorithm is limited to the set consistent with precomputed

secondary structures [80]. Their original paper did not provide an

implementation.

1.7 Outline of this work

The problem of interest in this work is the simultaneous alignment and

folding of two structurally homologous sequences. My approach is to utilize a

fully probabilistic framework. To do this requires first examining the problem of

how to design a small simple probabilistic approach to single sequence RNA

folding.

In Chapter 2 I outline the general algorithmics of probabilistic models,

focusing on stochastic context-free grammars for secondary structure prediction.

I also introduce the concept of structural ambiguity and discuss its implications.

In Chapter 3 I explore the impact of a number of different SCFG designs on

single sequence RNA secondary structure prediction accuracy. The goal is to

identify a small compact SCFG design that can serve as the core for the

development of an alignment and structurally unambiguous pairSCFG.
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In Chapter 4 I extend a single sequence SCFG to the pairwise case and

take a look at the performance of the full pairwise structural alignment in

accuracy, runtime, and memory requirements. Finally, in Chapter 5 I describe an

algorithm for constraining the structural alignment. My constraint algorithm

depends on knowing a few positions (pins) of the alignment a priori.

Consequently, I also outline a way to predict high quality pins. In the final

chapter I take a look at future directions implied by this work.
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Chapter 2

Probabilistic Models of RNAs

To develop a model of pairwise RNA structural alignment, we must first

understand the individual problems of RNA secondary structure prediction and

pairwise sequence alignment. Here we examine separately the algorithmics

behind probabilistic models of RNA secondary structure and of pairwise sequence

alignment. We then introduce the issue of model ambiguity with respect to both

structure and alignment. This chapter outlines the algorithmic background

relevant to this work.

2.1 Secondary Structure

Dynamic programming algorithms for non-pseudoknotted RNA secondary

structure prediction work by calculating scores for optimal foldings for all

subsequences xi . . . xj, starting with subsequences of zero length and working

outward recursively on increasingly longer sequences [189]. For example, an

example of an RNA folding algorithm [129] is:

Initialization:
γ(i, i− 1) = 0

γ(i, i) = 0
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Iteration:

γ(i, j) = max



γ(i + 1, j − 1) + δ(xi, xj)

γ(i + 1, j) + δ(xi)

γ(i, j − 1) + δ(xj)

maxi−1≤a≤j{γ(i, a) + γ(a + 1, j)}

δ(xi) and δ(xj) are scores for single stranded nucleotides and δ(xi, xj) are scores

for base pairs. For a sequence of length L, the score calculation terminates when

γ(1, L) is calculated, the score of the best structure on the complete sequence.

The optimal structure itself is retrieved by a traceback of the dynamic

programming matrix.

When δ(xi, xj) = 1 for base pairs and all other scores are zero, this

algorithm finds the structure that maximizes the number of base pairs with the

final score γ(1, L) as the number of base pairs in the optimal structure [129]. In

the more complicated loop-dependent algorithms (e.g. the Zuker algorithm), the

algorithm is fundamentally the same (though with more terms, more matrices,

and minimization instead of maximization); but the scores are energy

parameters, and the final score is ∆G, the calculated thermodynamic stability of

the optimal structure [189].

In a probabilistic approach, the algorithm again remains fundamentally

the same, but the parameters are log probabilities (we call the parameter set Θ)

and the final score is the log probability of the optimal structure ν̂ and the

sequence x given the model parameters, log P (ν̂,x|Θ). This is the quantity we

need for statistical inference approaches [86,111]. Probabilities must sum to one,

so we have to be sure that for our model,
∑

ν

∑
x P (ν,x|Θ) = 1 over all possible

sequences x and all possible structures ν for those sequences. But there are an

infinite number of possible sequences and a combinatorial explosion of possible

structures, so we can’t enumerate all these possibilities; we need a formal system

to be confident that we can form a correct probabilistic model.

Stochastic context-free grammars (SCFGs) are one such formal system.

SCFGs are probabilistic models capable of capturing the long range, nested,

pairwise correlations, such as those induced by base pairing in non-pseudoknotted
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RNA secondary structures [30, 33,151]. Here we give a somewhat informal

introduction to SCFGs, specifically as they apply to RNA folding, starting with

(nonstochastic) context-free grammars. For a review of the use of SCFGs for

RNA folding, see [30]. For more formal descriptions of CFGs, see [62,81,156].

2.1.1 Context-Free Grammars

A context-free grammar G can be defined by G = (V,T,P, S) where:

• V is a finite set of nonterminal symbols (“states”),

• T is a finite set of terminal symbols (for RNA: {a, c, g, u}),

• P is a finite set of production rules (described below), and

• S is the initial (start) nonterminal (S ∈ V).

Production rules describe how the grammar generates an observed symbol

string in steps, starting from the initial start nonterminal S. Production rules

take the form A → α where A ∈ V and α is any combination of terminals T

and/or nonterminals V. By convention, capital letters denote nonterminal

symbols and lower-case letters are terminals. S → gSc is an example of a CFG

production rule; it generates a ‘g’ and a ‘c’ terminal symbol in one correlated

step. The ability to generate or score two or more correlated symbols in a single

step is what gives CFGs the power to deal with base pairing.

At each step of a production from the grammar, one has a current string of

terminals and/or nonterminals; one chooses a nonterminal, and transforms that

nonterminal into a new substring using a valid production rule. This process

starts with the initial string S and iterates until one arrives at a string consisting

solely of terminal symbols.

For example, consider a “palindrome grammar” V = {S}, T = {a, b}, and

P = {S → aSa, S → bSb, S → ε}, where ε is a null string used as an ending

production1. This little grammar generates only strings consisting of palindromes

1Rules such as A → ε are shrinking productions. Technically this is only a legal production
in a Turing machine (an unrestricted grammar). The grammars presented here can always be
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of a and b symbols. RNA base pairing is essentially palindromic, except pairings

are complements rather than identities. An example production is

S ⇒ aSa ⇒ abSba ⇒ abbSbba ⇒ abbbba, resulting in the string abbbba. Note that

the grammar produces this string in an nested fashion and that this CFG

efficiently describes the set of all palindromes over the alphabet {a, b}.

Now consider an example CFG that generates RNA structures: V = {S},
T = {a, c, g, u}, and P =

S → aSu | uSa | cSg | gSc

S → aS | cS | gS | uS

S → Sa | Sc | Sg | Su

S → SS

S → ε

where ‘|’ represents ‘or’ between production rules. The productions can be

rewritten in a shorthand as:

S → aSa′ | aS | Sa | SS | ε

where we are now using a generically to represent any single terminal symbol in

T, and the rule S → aSa′ implies a base pairs with a′. We could also allow G·U
pairs here. In general we will have probability scores for all 16 base pairs

including noncanonical ones, or in the case of single sequence grammars that take

base pair stacking into account, the full 16x16 matrix of possibilities.

A CFG derivation has an elegant representation known as a parse tree, π.

Figure 2.1 shows an example RNA structure and two example parse trees for the

RNA CFG. Given appropriate production rules, a parse tree has a natural

correspondence with an RNA secondary structure.

Nonstochastic CFGs are used in pattern search applications, where one

represents an RNA structural consensus as a CFG and ask if a particular

sequence matches or doesn’t match the query. They are not particularly useful

expanded to eliminate the ε rule, so they do not present a problem. See [30] or [81, 156] for
detailed treatment.
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Figure 2.1: Examples of CFG parse trees for an example RNA structure.
Left: an RNA secondary structure with two stems. Middle: a parse tree for that
structure using the grammar S → aSa′ | aS | Sa | SS | ε, with nonterminals in red
and terminals in black. Note the correspondence between the RNA structure and
the structure of the parse tree; that the individual steps in the grammar correspond
to base pairs and single nucleotides (that is, the grammar is used to factor the
structure down into individually scored steps); and that the RNA sequence can be
read off the parse tree by following the margin of the tree counterclockwise. Right:
an alternative parse tree for the same structure, demonstrating that this grammar
is structurally ambiguous.

for structure prediction. For the CFG above, for example, for any RNA sequence

there will be a huge number of valid parse trees, each of which corresponds to a

possible RNA secondary structure. However, our problem in structure prediction

is not to determine whether an RNA sequence has at least one possible structure.

Given a sequence, we want to score and rank the possible parse trees for that

sequence to infer the optimal one. To score and rank parse trees, we need to use

stochastic context free grammars. In addition, we need efficient algorithms for

finding the optimal SCFG parse tree for a given sequence.

2.1.2 Stochastic context-free grammars

In an SCFG G, we associate a probability with each CFG production rule.

The probabilities of the set of productions from any given nonterminal must sum

to one. We refer to the full set of probabilities (the parameters of a model) as Θ.
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The probability P(x, π | G, Θ) is the product of all the probabilities of the

production rules used in a parse tree π for sequence x. An SCFG is a

probabilistic model that describes a joint probability distribution P(x, π | G, Θ)

over all RNA sequences x and all possible parse trees π.

Given a parameterized SCFG (G, Θ) and a sequence x, the

Cocke-Younger-Kasami (CYK) dynamic programming algorithm finds an optimal

(maximum probability) parse tree π̂ for a sequence x,

π̂ = argmaxπ P (π,x|G, Θ).

For notational and formal reasons, the CYK algorithm is usually described

for SCFGs in “Chomsky normal form” with only two kinds of production rules,

A → AA and A → a; any SCFG can provably be converted to a set of production

rules of this form [30]. But in applications, it is convenient to avoid this

conversion and express the CYK algorithm directly in terms of the grammar’s

own production rules. For an RNA SCFG based on the example grammar in the

previous section, the CYK algorithm is:

Initialization:

S(i, i− 1) = log P(S → ε)

Iteration:

S(i, j) = max



S(i + 1, j − 1) + log P(S → xiSxj)

S(i + 1, j) + log P(S → xiS)

S(i, j − 1) + log P(S → Sxj)

maxi−1≤a≤j{S(i, a) + S(a + 1, j) + log P(S → SS)}

When the algorithm terminates, S(1, L) is log P(x, π̂ | G, Θ), the log

probability of the most probable parse tree π̂ for the sequence x given the

grammar G and parameters Θ. A traceback recovers this optimal parse tree.

Take note of the near-exact correspondence between the CYK algorithm

and standard dynamic programming algorithms for RNA folding (page 15).

SCFG algorithms are essentially the same as existing RNA folding algorithms,
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but the scoring system is probabilistic, based on factoring the score for a

structure down into a sum of log probability terms, rather than factoring the

structure into a sum of energy terms or arbitrary base pair scores. The

thermodynamic scoring parameters for energy minimization are largely derived

by experimental melting studies of small model structures [117]; in contrast,

SCFG log probability parameters are derived from frequencies observed in

training sets of known RNA secondary structures. That is, instead of scoring a

G·C pair stacked on a C·G base pair by adding a term for the free energy

contribution of the G·C/C·G stack, an SCFG would add a log probability that

G·C/C·G stacks are observed in known RNA structures.

A related SCFG algorithm, the Inside algorithm, is used to obtain the

total probability of the sequence given the model summed over all parse trees,

P(x|G, Θ) =
∑
π

P(x, π|G, Θ).

The Inside algorithm replaces the max operations in CYK with sums and

additions of terms with multiplications. It is analogous to the McCaskill

algorithm for calculating partition functions using the thermodynamic model of

RNA folding [30,120]. Suboptimal parse trees can be sampled from their

posterior probability distribution by a probabilistic traceback of the Inside

matrix, analogous to techniques used for energy minimization

algorithms [24,25,30].

The RNA secondary structure grammars we are interested in are limited

to bifurcations, splitting rules such as S → SS, that have not more than two

nonterminals on the right side. For all grammars of this type, the CYK and

Inside algorithms are O(ML2) and O(ML3) in memory and time respectively, for

M total nonterminals in the grammar and a sequence of length L.

2.2 Sequence Alignment

As with structure prediction, the field of sequence alignment algorithms

grew from dynamic programming formulations. A formal modeling system for
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probabilistically describing sequence alignment is known as a hidden Markov

model. Because HMMs are a deep and broad field of study, I will only scratch

the surface here with emphasis on the aspects of sequence alignment relevant to

the development of a model of structural alignment. For a review of HMMs in

biological sequence analysis, see [31]. For a more detailed treatment refer to the

Durbin book [30]. Finally, for a more formal description of regular grammars,

see [62,81,156].

2.2.1 Pairwise Hidden Markov Models

A hidden Markov model is one method of modeling a stochastic regular

grammar. Regular grammars are a subset of context-free grammars which are

restricted to rules of the form A → aA, A → a, or A → ε. Consequently, regular

grammars can not efficiently model long range interactions such as base pairing.

However, they are excellent models of primary sequence. Often, HMMs are not

written grammatically but rather pictorially as finite state automata.

We are particularly interested in HMMs designed to align two sequences.

By convention [30] an HMM which emits a pairwise alignment is referred to as a

pairHMM. A pairHMM is a probabilistic model that describes a joint probability

distribution P(x,y, π | G, Θ) over all possible parse trees π between sequence x

and sequence y.

Figure 2.2 shows a finite state automaton representation for a typical

pairHMM description of sequence alignment. The automaton representation

assumes a Moore machine in which emissions are associated with states. In a

Moore machine, transitions between states and emissions from states are

typically treated separately. The grammar notation used thus far to describe

SCFGs assumed Mealy machines, systems that emit on transition. In a Mealy

machine, the rules of the grammar effectively lump together transition and

emission into one probability distribution. In fact, these two representations are

interconvertible [81,156]. In the grammatical notation for this model, we define

the start terminal as M .
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M → a
b

M | a
− Ix |

−
b

Iy | ε

Ix →
a
b

M | a
− Ix | ε

Iy →
a
b

M | −
b

Iy | ε

Figure 2.2: Example pairHMM. On the left is a typical finite state automaton
representation for a pairHMM. The arrows represent the transitions between states
and the circles represent the states, or nonterminals. Emissions are associated
with each state, which can emit zero or more symbols. On the right is the same
pairHMM represented in grammatical notation. By convention, grammars written
in this notation are typically said to emit on transition. A state-based automaton,
as on the left, is called a Moore machine and a transition based system, as on the
right, is called a Mealy machine. In the Mealy notation for this model, we define
the start terminal as M .

We can write the pairHMM analog to CYK, known as Viterbi, as follows:

M(i, k) = max



M(i− 1, k − 1) + log P

M →
xi

yk

M


Ix(i− 1, k) + log P

M →
xi

−
Ix


Iy(i, k − 1) + log P

M →
−
yk

Ix



Ix(i, k) = max


M(i− 1, k − 1) + log P

Ix →
xi

yk

M


Ix(i− 1, k) + log P

Ix →
xi

−
Ix



Iy(i, k) = max


M(i− 1, k − 1) + log P

Iy →
xi

yk

M


Iy(i, k − 1) + log P

Iy →
−
yk

Iy


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when the algorithm terminates, M(M, N) is the log P(x,y, π̂ | G, Θ), the log

probability of the most probable parse tree π̂ for the sequences x and y (lengths

M and N, respectively) given the grammar G and parameters Θ. A traceback

recovers the best alignment. Note that this description of the algorithm is based

on the grammar notation, for the automata based description of the algorithm

see [30].

The direct analogy between the Viterbi algorithm for pairHMMs and the

CYK algorithm for SCFGs should be readily apparent. The Inside algorithm

analog in HMMs is known as the Forward algorithm. We can calculate

suboptimal alignments by sampling from the posterior probability distribution of

parse trees by a probabilistic traceback of Forward. In general HMM algorithms

are simpler than their SCFG analogs. Viterbi and Forward algorithms are

typically O(ML2) in memory and time, for M total nonterminals in the grammar

and a sequence of length L. Algorithms exist to reduced the memory

requirements to O(ML) for a slight (roughly 2-fold) increase in runtime.

2.2.2 Optimal Accuracy Alignment

The probability of any single alignment being entirely correct is relatively

small. Often parts of the alignment are reliable, whereas other sections are more

uncertain. If we can assess the reliability of each column in the alignment, we can

determine which portions are solid. Reliable portions of a primary sequence

alignment between two RNAs may represent regions where the sequence is

conserved. This information could then be utilized as constraint information to

the structural alignment problem.

Posteriors probabilities are the desired reliability measure. Given a fully

probabilistic model of sequence alignment, we can calculate P (xi � yk), the

posterior probability that xi is aligned to yk. To do so requires both the Forward

and Backward algorithms. Forward calculates the collective probability of all

alignments up to and including the current position of interest. Backward is the

counterpoint to Forward, calculating the collective probability of the remainder

of the sequence given the position of interest. For the details of the Backward

algorithm, refer to [30,141].
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With the posteriors, we can now calculate the alignment with the highest

predicted accuracy, known as the optimal accuracy alignment [76,79]. The

method is a Viterbi algorithm which utilizes the posteriors as scores of alignment

columns:

A(i, j) = max


A(i + 1, j − 1) + P(xi � yk)

A(i + 1, j) + P(xi � −)

A(i, j − 1) + P(− � xj)

where P(xi � −) and P(− � xj) indicate the probability of positions xi and xj

being an indel and a standard traceback recovers the alignment.

It is worth noting that SCFGs have an analog to Backward known as the

Outside algorithm. Using Inside and Outside, P(xi u xj) the posterior probability

of a base pair xi · xj can be calculated. The sum of this probability over all

possible j would calculate the probability of i being paired. Using a CYK

algorithm with base pair posteriors as scores, the optimal accuracy fold can be

calculated. This is, in fact, the structure prediction method utilized by

Pfold [103].

Experience shows that the optimal accuracy method of alignment and

folding tend to be conservative. In other words, a position in the alignment (base

pair in the fold) is incorporated into the alignment (folding) only if the model has

strong evidence of it being correct. The result is that this approach tends to

under predict, but with greater accuracy in the predicted areas than conventional

Viterbi (CYK) [101,116].

2.2.3 Evolutionary Models

It can be argued that any alignment should take into account the

evolutionary relationship between the sequences. Two closely related sequences

are expected to show more similarity and fewer indels than more distantly related

sequences. The parameters should reflect these expectations. For closely related

sequences, structural alignment should emphasize primary sequence alignment

but at longer distances the emphasis should shift more toward conserved
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structure. Estimating the evolutionary distance between two RNA sequences

requires a stochastic model for nucleotide substitutions.

Time dependent models of substitution treat the alphabet as states in a

Markov chain [68]. Transitions between the states correspond to substitutions

and as time progresses the chance of a substitution increases. Let R be a rate

matrix whose ijth element rij is the substitution rate from nucleotide i to

nucleotide j for i 6= j; the diagonal elements are given by rij = −∑
j 6=i rij. By the

Markov process, the matrix at time t units is generally given by:

Q(t) = exptR

where the ijth element of Q(t) is Qj|i(t), the probability i has been substituted

with j by t time units. Generally models of this sort are assumed to be

stationary and time reversible. Stationary means that the expected nucleotide

frequencies in the sequence do not change over time and are denoted by τi where

i ∈ alphabet 2. Reversibility means τirij = τjrji holds for any i and j.

A number of classic models are special cases of this model [38, 132]. The

Jukes and Cantor model [91] assumes equal probability for all possible

substitutions. The Kimura two-parameter model [95] assumes transitions have a

different probability than transversions. In both models the base composition of

the sequences is expected to be uniform. The Hasegawa, Kishino, and Yano

model extends the Kimura two-parameter model to unequal base

composition [63].

Given a rate matrix R, the joint probabilities Pij can be readily calculated

from the conditional probabilities Qj|i using Pij = Qj|iτi where Qj|i is calculated

at time t and τi are the stationary probabilities. The joint probabilities are

precisely the values of interest to describe a pairHMM’s alignment distribution.

Consequently, the parameters of the pairHMM can be tuned to the evolutionary

distance implied by the sequences of interest.

2Be aware that I do not use the standard symbols of the literature on stochastic evolutionary
models. I opted to redefine the symbols to avoid conflict with other definitions in this document.
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2.3 Ambiguity

In formal language theory, a grammar is said to be ambiguous when there

is more than one possible parse tree for some sequence [62,81,156]. Any SCFG

that will be useful for RNA secondary structure prediction must be ambiguous in

this sense. We are interested in looking at all possible base paired structures for

the sequence, represented as a set of possible parse trees, and finding the optimal

(highest probability) one.

2.3.1 Structural ambiguity

A different form of grammar ambiguity concerns us here. The CYK

algorithm finds the mathematically optimal parse tree π̂; we want the optimal

secondary structure ν̂. We consider two structures to be identical if they have the

same set of base pairs. The optimal parse tree gives us the optimal structure if

and only if there is a one to one correspondence between parse trees and

secondary structures. However, a given secondary structure does not necessarily

have a unique parse tree. For instance, consider the two possible parse trees for

the example in Figure 2.1, both of which express the same set of base pairs but

use different series of production rules. When multiple valid parse trees describe

the same secondary structure, we call the grammar structurally ambiguous. If a

grammar is structurally ambiguous, then we cannot equate the probability of a

parse tree with the probability of its structure [46]. The probability of a

structure is a sum over the probabilities of all parse trees consistent with that

structure. This summation is not reconcilable with the CYK algorithm; an

optimal structure cannot be calculated efficiently if we need to do the summation

over multiple possible parse trees for each structure. Thus, we will either have to

use grammars that are structurally unambiguous (see Chapter 3), or we will have

to assume that it is a valid approximation to consider an optimal parse tree gives

us the optimal structure.
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Figure 2.3: Sources of structural ambiguity in single sequence. Left: The
stem structure is an example which contains all loop types possible in a stem, from
the bottom up they are bulges (left and right), an internal loop, and a hairpin.
We need S → aS to model a left bulge and S → Sa to model a right bulge. These
same rules are utilized to describe both interior loops and hairpins. But in these
cases, the ordering of these rules is unspecified. Right: The stem structure shows
the other common source of ambiguity. When a structure presents multiple stems,
a symmetric splitting rule such as S → SS does not distinguish between the case
where the first nonterminal on the right handles one or two stems. Asymmetric
bifurcations, S → LS can be carefully designed so as to avoid this ambiguity.

P(structure)

Figure 2.3 shows the two main sources of ambiguity in single sequence

SCFGs. It can be tricky to write grammars that are structurally unambiguous,

and it appears to be difficult to prove that they are so, except in simple cases.

We can, however, test empirically whether a particular grammar is

unambiguous for a given sequence x and structure ν. We do this with a

conditional Inside algorithm that calculates:

P(x, ν|G, Θ) =
∑

π∈C(ν)

P(x, π|G, Θ)

by limiting the Inside calculation to C(ν), those parse trees consistent with the

given structure ν. For example, the conditional Inside algorithm for the RNA

grammar described previously (page 18) is:

Initialization:

γ(i, i− 1) = P(S → ε)
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Iteration:

γ(i, j) =
∑



γ(i + 1, j − 1) ∗ P(S → xiSxj) if xi, xj paired in ν

γ(i + 1, j) ∗ P(S → xiS) if xi unpaired in ν

γ(i, j − 1) ∗ P(S → Sxj) if xj unpaired in ν∑
i−1≤a≤j{γ(i, a) ∗ γ(a + 1, j) ∗ P(S → SS)}

If P(x, π̂|G, Θ) calculated by CYK equals P(x, ν|G, Θ) calculated by

conditional Inside then there is only one parse tree, namely π̂, of nonzero

probability for the structure ν. Note that this is an empirical test for a single

sequence/structure pair. If this condition is maintained for a large number of

sequences and structures, we can be reasonably confident that the grammar is

unambiguous.

For an unambiguous grammar there is only one valid path (by definition)

so conditional Inside simplifies to a scoring algorithm. In other words, given a

structure ν, P(x, ν|θ) is the standard scoring algorithm for the parse tree πν . The

structure ν can be thought of as a labeling of base pairs. Because it is ultimately

this labeling that is the aim of structure prediction stochastic context-free

grammars, unambiguous probabilistic context-free grammars may outperform

their ambiguous counterparts.

An interesting difference between the thermodynamic and probabilistic

approaches with respect to ambiguity is worth noting. The thermodynamic

scoring scheme is not normalized, so structural ambiguity is not an issue for

finding optimal structures; regardless of how many different ways there are of

scoring the energy of a structure, the lowest energy structure still wins. However,

ambiguity becomes a painstaking issue for calculating the equilibrium partition

function [120], where one must be careful not to count any structure more than

once. For SCFG-based methods, with normalized probabilities as scores, exactly

the opposite is the case. Ambiguity is an issue for optimal structure prediction

(i.e. interpreting π̂ = argmaxπP(x, π | Θ,G) as ν̂) but the Inside calculation (the

analog of the summed partition function calculation) gives the correct result (i.e.

P(x | G, Θ)) even for ambiguous grammars.
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2.3.2 Alignment ambiguity in pairHMMs

A similar ambiguity problem exists in sequence alignment. Two alignments

are considered identical if they share the same set of aligned pairs, columns in the

alignment which do not contain a gap character. Consider these two alignments:

xx-x

y-yy

x-xx

yy-y

where x and y are any sequence character and − is a gap character. It can be

argued that these alignments are the same, differing only in the ordering of gaps

in an indel region.

Consider a labeling strategy where ‘c’ is the consensus character (one of 16

possible) used to identify columns without gaps and ‘•’ identifies columns

containing a gap. Under such a labeling, both of these alignments can be

described by ‘c1 • •c2’. Two pairwise alignments which are identical (share the

same alignment columns) and simplify to the same labeling are said to be

alignment ambiguous.

We can test empirically for alignment ambiguity for a particular grammar

on a given pair of sequences x y and alignment υ. We do this with a conditional

Forward algorithm that calculates:

P(x,y, υ|G, Θ) =
∑

π∈C(υ)

P(x,y, π|G, Θ)

by limiting the Forward calculation to C(υ), those parse trees consistent with the

given alignment υ, specified by the labeling. This test is rarely employed in

pairHMMs because alignment ambiguity can be easily avoided entirely. In our

pairHMMs this is done by the assumption that a deletion can not immediately

follow an insertion, represented in Figure 2.2 by the fact that no transition

arrows connect Ix with Iy.

Structural and alignment ambiguity are similar problems. We seek a

one-to-one correspondence between the grammar’s parse tree, π, and a labeling.

In the case of structure prediction, that labeling is the identification of base
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pairs. In alignment it is the identification of a consensus sequence. The

importance of ambiguity depends entirely on what kinds of inference sought. In

other words, if a grammar is only going to be used to calculate the probability of

the sequence(s), P(x | G, Θ) or P(x,y | G, Θ), then ambiguity is not an issue.

However, if one is making statistical inference on secondary structure or sequence

alignment, then ambiguity is arguably a concern.

2.3.3 Consensus Structure

We must consider additional sources of structural ambiguity when

contemplating extending a single sequence SCFG to the pairwise case. In

structural alignment, the information gained by utilizing a second sequence is the

presence of conserved pairs,
xi

yk

S
xj

yl

where this notation implies xi aligns to yk

and base pairs with xj. Similarly yl aligns to xj and base pairs with yk.

Consensus secondary structure is defined as the set of shared base pairings,

quadruples. Pairwise SCFGs are discussed in more detail in Chapter 4.

One might imagine a pairSCFG in which base pairs are permitted in one

sequence and not the other. However, such a grammar will be structurally

ambiguous. Consequently, the pairSCFGs we consider will only consider a base

pair if it is conserved. This is not an undue restriction as one can calculate the

consensus secondary structure predicted by structural alignment and then use

the predicted consensus base pairs as constraints to a single sequence folding

algorithm. In this manner the substructures which are unique to our sequence of

interest could be identified.

2.4 Concluding Comments

To calculate the structural alignment requires a model of both RNA

folding and alignment. We propose to utilize a pairSCFG, essentially a stochastic

context-free grammar which emits a correlated pair of sequences in a manner

analogous to a pairHMM. It is straight forward to extend the algorithms of single

sequence SCFGs to the case of a pairSCFG. The result is O(ML6) in time and
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O(ML4) in memory for two sequences of length L and a grammar with M

nonterminals.

Consequently, we seek to develop a pairwise SCFG for calculating the

structural alignment. This can be accomplished by extending a single sequence

SCFG to the pairwise case. However, at this point it is not known how different

designs affect the accuracy of SCFG-based secondary structure prediction.

Design decisions are particularly important in consensus structure prediction

applications, because a natural trade-off arises. A complex RNA folding SCFG

might predict structure better than a simpler model, but extending a complex

model to deal with multiple evolutionarily correlated sequences can easily result

in a combinatorial explosion of parameters, making the model impractical.
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Chapter 3

Single Sequence RNA Secondary

Structure Prediction

As already stated, the pairSCFG approach to structural alignment is

O(ML6) in time and O(ML4) in memory for a grammar with M nonterminals.

A grammar with fewer nonterminals will require less memory and time than a

more complicated grammar, however, a more complicated grammar may better

be able to model RNA secondary structure. One wants to build consensus

prediction models on top of small simple SCFG designs that sacrifice as little

RNA structure prediction accuracy as possible, relative to state-of-the-art energy

minimization approaches.

A potential advantage of a probabilistic modeling approach to secondary

structure prediction is that it is more readily extended to include other sources of

statistical information that constrain a structure. Flexibility in model design

comes from the fact that SCFG probability parameter estimation can be done by

counting frequencies in databases of trusted RNA secondary structures, so it is

easy to parameterize different models that vary in complexity and capture

different features of RNA structure. In contrast, energy minimization algorithms

are based on a standard set of thermodynamic parameters, most of which are

determined experimentally [118,189], so it would take substantial effort to

develop a radically new thermodynamic model.
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It is not known how different designs affect the accuracy of SCFG-based

secondary structure prediction. In this chapter we explore the impact of different

SCFG designs on single-sequence RNA secondary structure prediction accuracy.

Our goal is to identify a small simple SCFG model design that can serve as the

core to a more complex integrated approach.

3.1 Overview

The simplest RNA SCFGs factor a secondary structure into scoring terms

for each individual base pair and each individual unpaired residue. We will

examine five grammars of this type. However, state of the art thermodynamic

models use a loop-dependent thermodynamic model that factors a structure in a

more complex way, into nearest-neighbor base stacking terms (as opposed to

individual base pairs) and tables of penalties for different lengths of different

kinds of loops (bulge, interior, hairpin, and multibranch). SCFG methods can

also be designed to capture more sophisticated folding features.

Base pair stacking is a first order Markov dependence. It can be modeled

in a grammar by capturing a limited amount of context dependency, a technique

called lexicalization in natural language processing. One uses production rules of

the type, P bb′ → aP aa′
a′, where the probability of emitting a new pair a · a′ is

dependent on the previous base pair b · b′. The notation P aa′
indicates that the P

nonterminal will “remember” that it just generated an a · a′ pair. Formally, in

the production rules this means 16 P aa′
nonterminals, one for each pair of

nucleotides, each one of which can generate 16 possible pairs: thus, we have the

desired 16x16 table for base stacking parameters in terms of our production rules.

However, lexicalized nonterminals do not incur any extra storage nor additional

computational cost when parsing, because the lexicalization depends completely

on the local sequence context; the 16 P aa′
nonterminals can just be treated as

one “meta” P nonterminal, with scores conditioned on the local context around

the base pair xi · xj. In this chapter we will consider four grammars of this type.

The simplest (and most common) model of loop lengths in a grammar uses

recursive rules like S → aS, which imply a geometric length distribution.
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Explicit loop length distributions can be modeled by enumerating a set of

production rules, one for each possible length. A set of such loop length

probabilities is no different in effect than the lookup table of loop length

penalties in the thermodynamic parameters. Unfortunately, modeling explicit

loop lengths results in larger, more complex grammars which would explode in

parameter space when made pairwise. Therefore, all the grammars we explore

utilize the simple geometric loop distribution rather than the more involved

explicit loop length distributions.

Base stacking and explicit loop lengths are the most important two

features of SCFGs that would closely mirror the current thermodynamic model.

Most other desirable features, such as parameterizing stacked terminal

mismatches for hairpin and internal loops, dangled bases, and special stable

tetraloops, can also be dealt with using techniques like the above. Coaxial

stacking [93,172] can also be accommodated [145], but adds to complexity.

3.2 Impact of Structural Ambiguity

It seems possible that structural ambiguity might be only a formal

concern. This would be the case if, in a set of possible parse trees for any

particular structure, one parse tree has a probability that dominates the others,

and approximates the summed probability of the ensemble. For example, many

of the alternative parse trees are pathological cases that invoke fruitless cycles of

bifurcation and destruction; any S ⇒ ε derivation in a parse tree could also be

S ⇒ SS ⇒ εS ⇒ εε, but these more elaborate trees have probabilities that

asymptote toward zero. Additionally, our parameterization of ambiguous

grammars tends to be biased toward concentrating probability in a single

possible parse tree, because we nonrandomly choose only one possible parse tree

for each training structure, favoring smaller, more sensible parse trees where

ambiguous choices are possible. And finally, if all structures have about the same

amount of probability diffusion to ambiguous parses, the rank order of the best

parse trees might still reflect the rank order of the best structures, so that a CYK

algorithm that finds the best parse tree would still recover the best structure.
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We first implemented two structurally ambiguous grammars:

G1 : S → aSa′ | aS | Sa | SS | ε

G2 : S → aP aa′
a′ | aS | Sa | SS | ε

P bb′ → aP aa′
a′ | S

G1 is the simple grammar mentioned in Chapter 2 (Section 2.1.1). It is also the

SCFG analog to Nussinov’s original algorithm [30,129]. G2 extends it to include

base pair stacking parameters.

To test whether structural ambiguity made a practical impact on structure

prediction, we performed the following “reordering” experiment. For a given

RNA sequence, we use CYK to find the optimal parse tree π̂. We sample N more

suboptimal parse trees from the posterior distribution (using Inside with

stochastic traceback). We rank the N + 1 trees by their probabilities

P(x, π|G, Θ), where the optimal CYK parse is ranked first by definition. Then for

each parse tree π, we get the base-paired structure ν and use conditional Inside

to calculate the P(x, ν|G, Θ) summed over all parse trees for that structure. We

then ask two questions: first, if the rank order of the N + 1 parse trees is the

same as the rank order of their (up to) N + 1 structures; second, if the structure

of the optimal CYK parse tree becomes suboptimal in the ranked list of structure

probabilities P(x, ν|G, Θ). If ambiguity does not matter in practice, we should

not see many differences in rank order, and we hope to never see the top-ranked

structure differ from the structure implied by the top-ranked CYK parse.

Rfam v5.0 [51] was utilized to build a large test set containing a wide

variety of different RNA sequences. This set was constructed by filtering the seed

alignments at 80% identity and then imposing the family’s consensus structure

onto each sequence to infer individual secondary structures. Any sequence

containing ambiguous bases was removed. The resulting dataset contains 2455

sequences from 174 different RNA families. We utilized this dataset for the

reordering experiment, for N varying from 10 to 3000 suboptimal parse trees.
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The results showed that even in a small number of samples, the rank order

of the parse tree probabilities and the structural probabilities were nearly always

significantly different. For N = 10 suboptimals, for grammar G1 a better

structure than the CYK parse was found for 2% of the sequences (41/2455), and

for G2, a better structure was found for 69% (1704/2455). Sampling deeper into

the posterior probability distribution for parse trees increases the chance of

finding a more optimal structure; for N = 1000 suboptimals, better structures

than the CYK parse were found for about 20% of the sequences for G1

(495/2455), and 98% of the sequences for G2 (2417/2455).

One important aspect of this experiment is that it does not rely on a

comparison between different grammars. The changes to the rules of a grammar

necessary to disambiguate it can never be assured to produce a grammar which

utilizes the same information within the training set. In other words, the

grammar with more parameters may perform better just because there are more

parameters. Consequently the reorder experiment is more conclusive that

ambiguity affects the ability of a particular grammar to properly order potential

structures than a direct comparison between two apparently similar grammars,

one ambiguous and one unambiguous.

These results show that the CYK algorithm often does not give the

optimal secondary structure if one is using a structurally ambiguous grammar.

Structural ambiguity appears to be a practical concern. We therefore focused on

developing several small simple unambiguous grammars.

As outlined in Chapter 2 (Section 2.3.1), we can empirically test for

ambiguity by confirming that the score P (x, π̂|G, Θ), calculated by CYK equals

P (x, ν|G, Θ) calculated by conditional Inside for the structure implied by π̂.

Operationally, we consider a grammar to be structurally unambiguous if this

condition holds for all the sequences of our Rfam v5.0 dataset.

3.3 SCFG designs

It is something of a challenge to make unambiguous grammars with a

small number of productions. We do not know of a way to systematically
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generate and explore the space of unambiguous grammars. There appear to be

many different ways to make unambiguous RNA grammars that have the same

simple emission parameterization (4 probabilities for unpaired residues, 16

probabilities for base pairs). We used the following four unambiguous grammars:

G3 : S → aSa′ | aL | Ra | LS

L → aSa′ | aL

R → Ra | ε

G4: S → aS | T | ε
T → Ta | aSa′ | TaSa′

G5 : S → aS | aSa′S | ε

G6 : S → LS | L
L → aFa′ | a
F → aFa′ | LS

G3 was developed by RDD. We challenged Graeme Mitchison to make a

smaller one, and he produced G4 (G. Mitchison, personal communication). The

ultra compact G5 grammar is from Ivo Hofacker (personal communication). G6

is the Knudsen grammar utilized in the Pfold package [100,102]. Each of the four

grammars was conjectured to be unambiguous by inspection. Each one also

passed our empirical test for ambiguity using the test set of 2455 Rfam sequences.

Each grammar imposes slightly different restrictions on the “language” of

possible structures. G3 imposes a minimum hairpin loop length of one

nucleotide, G6 has a minimum of two, and G4 and G5 do not impose minimum

hairpin loop lengths. Also, G3 and G6 can not emit an empty string, ε, whereas

G4 and G5 can.

Figure 3.1 shows parse trees for an example RNA structure using these

four grammars G3-G6. The figure shows how each grammar factors a structure

into elementary scorable steps in a different manner.
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Table 3.1: Simple grammar specifications Each simple grammar requires a
different number of nonterminals (NT) and parameters (with free parameters in
parenthesis). Memory requirements were determined empirically by measuring the
memory each grammar utilizes to fold a single C. elegans large subunit ribosomal
RNA sequence (3662 nucleotides). Under “notes”, we give some of the implications
each grammar has on the language it describes.

Parameters C. elegans LSU
Grammar NT Total Tied Memory (MB) Notes

G1 1 29 (25) 25 (22) 26.9 ambiguous
G3 3 56 (47) 28 (23) 79.4 min 1 nt loop; no ε

string
G4 2 46 (40) 26 (22) 53.2 none
G5 1 23 (20) 23 (20) 26.9 none
G6 3 42 (36) 26 (21) 79.4 min 2 nt loop; no ε

string

Table 3.1 shows the resource requirements of these four grammars as well

as the simple ambiguous grammar G1. Each nonterminal of a grammar requires

storage of a dynamic programming matrix, so memory usage scales linearly with

nonterminal number.

Stacking Grammars

The G6 grammar is readily extended to include stacking parameters, by

changing the F nonterminal parameterization to a first order Markov chain,

F bb′ → aF aa′
a′ | LS. We call this grammar G6S. We also restructured two of the

simple backbones (G3 and G4) to include base pair stacking parameters,

resulting in grammars G7 and G8:
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G7 : S → aP aa′
a′ | aL | Ra | LS

L → aP aa′
a′ | aL

R → Ra | ε
P bb′ → aP aa′

a′ | aNa′

N → aL | Ra | LS

G8 : S → aS | T | ε
T → Ta | aP aa′

a′ | TaP aa′
a′

P bb′ → aP aa′
a′ | aNa′

N → aS | Ta | TaP aa′
a′

Table 3.2 shows the general resource requirements for each of the stacking

grammars, including the ambiguous G2 grammar described earlier. Grammars

G6S, G7, and G8 pass the empirical ambiguity test for the set of 2455 Rfam

sequences, and are therefore considered unambiguous.

Table 3.2: Stacking Grammar Specifications. Stacking adds to grammars
more nonterminals (NT) and total (free) parameters. This translates into in-
creased memory requirements, as shown by the folding of C. elegans large subunit
ribosomal RNA (3662 nucleotides). It also may introduce other restrictions such
as not permitting lone pairs.

Parameters C. elegans LSU
Grammar NT Total Tied Memory (MB) Notes

G2 2 287(281) 283(278) 53.2 ambiguous
G7 5 341(326) 289(281) 128 min 1 nt loop; no

lone pairs; no ε string
G8 4 347(334) 287(280) 103 min 1 nt loop; no

lone pairs
G6S 3 282(276) 282(276) 79.4 min 2 nt loop; no ε

string
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3.4 Benchmarking

The parameters of each SCFG are estimated from frequencies observed in

annotated secondary structures. The training data are large and small subunit

rRNAs, obtained from the European Ribosomal Database [181,183]. Sequences

containing more than 5% ambiguous bases or with less than 40% base pairing are

discarded. The resulting data set was then filtered to remove sequences with

greater than 80% identity. The final training set contains randomly chosen equal

numbers of LSU and SSU sequences from the filtered data, totaling 278

sequences, 586,293 nucleotides, and 146,759 base pairs.

For a given grammar, a parse tree for each structure is determined from

the secondary structure annotation, and the number of occurrences of each

production type is counted. When determining a parse tree for an ambiguous

grammar, one possible parse tree was arbitrarily chosen. Production probabilities

are then estimated from these counts using a Laplace (plus-one) prior [30].

A benchmark data set was built from the Ribonuclease P database [11],

the Signal Recognition Particle database [149] and the tmRNA database [193].

Each of these databases provides high quality individual sequence structure

information and curated structural alignments in a readily parsable form. Each

structural alignment was filtered to remove sequences with greater than 80%

identity. The structure for each member of the filtered families were then

retrieved from the databases. Any sequence containing ambiguous bases was

removed. The resulting test set contains 403 total sequences, consisting of 225

RNase P’s, 81 SRP’s, and 97 tmRNA’s.

We count the number of base pairs that are correctly predicted, given a

predicted structure and the trusted benchmark structure. That is, if we predict a

base pair i · j, it is correct if and only if base pair i · j is present in the trusted

structure. No helix offsetting/sliding is allowed, so our accuracy percentages are

systematically lower than other published benchmarks that count base pairs as

correct if they are within one base of a trusted base pair [115,118].

Predicted base pairs that are in the trusted structure are true positives

(TP); predicted base pairs not in the trusted structure are false positives (FP);
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base pairs in the trusted structure but not predicted by the algorithm are false

negatives (FN). Sensitivity is the fraction of base pairs in the trusted structures

that are predicted correctly: TP / (TP+FN). Positive predictive value (PPV;

sometimes called specificity) is the number of predicted base pairs that are in the

trusted structure: TP / (TP+FP).

Implementations

For benchmarking experiments, we used mfold v3.1.2, Pfold (Oct 2003),

PKNOTS v 1.01, RNAstructure v4.0, and the Vienna RNA package v1.4. The

mfold software was obtained from Michael Zuker at

http://www.bioinfo.rpi.edu/∼zukerm/rna/mfold-3.0.html. An early release of

RNAstructure v4.0 [115] was graciously provided by Dave Mathews. Both mfold

and RNAstructure were run with MAX=750 P=20 W=0 and efn2 rearrangement

as recommended by [118]. The Vienna RNA package was obtained at

http://www.tbi.univie.ac.at/∼ivo/RNA/ and was run with default parameters.

Bjarne Knudsen provided Pfold executables and guidance on how to run the

package (personal communication). The PKNOTS program was run with default

parameters, which does not attempt to predict pseudoknots. All benchmarks

were conducted on Intel-based servers running a GNU/Linux operating system,

with the exception of RNAstructure which was run in batch mode under

Windows XP Pro 2002.

3.4.1 Grammar Comparison

In order to verify the CYK parsing code for each grammar, a control

experiment was done with a non-stochastic scoring system that gives a score of

+1 to each base pair. Under the plus-one scoring system, each grammar is forced

to seek the structure with the maximal number of base pairs, and this optimal

score must be identical for each grammar; this was verified. Under plus-one

scoring, base pair sensitivity varied between 19 and 24% and PPV varied between

13% and 15% on the benchmark set of 403 RNase P’s, SRP RNAs, and tmRNAs.

The reason for the variation is that multiple different structures have the same

optimal score, and an arbitrary parse is returned as the optimal traceback.
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The secondary structure prediction accuracy of each of the nine

parameterized grammars is measured, by calculating sensitivity and PPV on the

benchmark set of 403 trusted secondary structures derived by comparative

analysis.

To minimize performance differences due to differences in free parameter

number, as opposed to grammar structure, we tied emission parameters together

where possible. That is, each grammar uses only one emission distribution for 4

unpaired bases, 16 base pairs and, in the case of the stacking grammars, 256

stacking parameters. Thus the effective (tied) number of parameters only differs

because of the number of transitions in each grammar (Tables 3.1 and 3.2). To

minimize differences caused by the grammars having slightly different languages,

we also forced each grammar to have the same minimum hairpin loop size (two)

by implementing the appropriate steps in dynamic programming parsers to

ignore hairpin loops of length one or zero, even if the grammar permits them.

Maximum a posteriori parameters were then determined for each grammar using

a set of annotated ribosomal RNA secondary structures as described.

For comparison, we also evaluated the performance of several

implementations of energy minimization algorithms for predicting secondary

structure on the same benchmark set: mfold v3.1.2, PKNOTS v1.01,

RNAstructure v4.0, and the Vienna RNA package v1.4. Vienna RNA and mfold

use the thermodynamic parameters described in [118] but use slightly different

implementations of the rules for exterior and multibranch loops. RNAstructure

uses a recently revised set of parameters [115], and PKNOTS uses an earlier set

of thermodynamic parameters [154].

We benchmarked the Knudsen and Hein Pfold program, which

independently implements the G6 grammar. The Pfold program was

parameterized on a different training set composed of rRNAs and tRNAs, and

calculates the optimal accuracy folding, which increases PPV at the expense of

sensitivity. Pfold is intended for consensus structure prediction, using an RNA

evolutionary model to fold a given input RNA multiple alignment, but we have

used it here in single-sequence mode to compare to our implementation and

parameterization of G6.
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Table 3.3: Performance of single sequence grammars. The first section
contains simple grammars, the second contains stacking grammars, and the last
section contains some other available software packages that predict secondary
structure. The nine grammars were trained on rRNA as described in the text. The
second column gives the performance on the full benchmarking dataset, which is
subdivided into each family in the subsequent columns. The metrics are calculated
over base pairs as described in the text, evaluating the metrics over individual
sequences shows similar results (data not shown).

Benchmarking Set
Sensitivity % (PPV %)

Grammar Full RNase P SRP tmRNA
G1 16.48 (12.13) 13.52 (10.71) 37.37 (31.74) 10.00 (5.60)
G3 34.03 (30.61) 36.56 (34.74) 28.00 (28.18) 31.07 (22.46)
G4 9.75 (7.87) 9.52 (8.20) 19.00 (17.44) 3.49 (2.20)
G5 3.19 (3.51) 3.25 (3.74) 2.45 (3.04) 3.52 (3.17)
G6 47.43 (44.80) 48.55 (49.08) 47.31 (48.91) 44.43 (33.12)
G2 35.61 (24.91) 30.90 (23.28) 58.67 (47.74) 33.06 (17.45)
G7 45.33 (42.61) 45.82 (46.09) 50.28 (52.26) 40.33 (29.79)
G8 46.32 (43.46) 45.93 (46.04) 51.69 (53.42) 43.73 (32.41)
G6S 48.61 (45.43) 49.94 (49.82) 49.76 (51.32) 43.94 (32.47)

mfold v3.1.2 56.02 (47.90) 56.13 (51.41) 69.50 (66.20) 45.69 (30.49)
Vienna RNA 54.90 (47.05) 55.22 (50.80) 67.20 (63.94) 44.81 (29.87)

PKNOTS 50.28 (41.20) 52.52 (46.01) 58.21 (54.65) 37.68 (23.87)
RNAstructure 56.06 (47.35) 57.87 (52.45) 61.97 (57.88) 46.17 (30.45)

Pfold 38.99 (68.93) 41.96 (75.64) 35.31 (64.12) 32.91 (53.66)

The results of the comparison are shown in Table 3.3. Among the four

simple (nonstacking) unambiguous grammars, the simplest grammar, G5, with

only three types of production rules, has an abysmal prediction performance.

The grammar with the most rules, G3, did not give the best performance. The

best simple SCFG design we tested is G6, the grammar used in Knudsen and

Hein’s Pfold. Though G6 does not perform quite as well as energy minimization

methods, it does surprisingly well considering its simplicity. G6’s performance is

nearly comparable to the performance of PKNOTS, which uses the older (1995)

thermodynamic energy rules. G6 has only 21 free probability parameters,

compared to the several hundred thermodynamic parameters in energy

minimization programs.
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Performance for two of the grammars, G3 and G4, increased significantly

when these grammars were remodeled to include stacking correlations, G7 and

G8, respectively. Interestingly, G6 did not show any real performance gain when

the parameters were extended to include stacking correlations (G6S). With

stacking correlations included, four of the grammars (G6, G7, G8, and G6S) have

comparably good performance, at the cost of increasing parameter number to

include the 16x16 parameters set for the three with stacking correlations.

3.4.2 Stacking Variations

Grammars which handle stacking must decide if lone pairs (a base pair

without a stacking partner) are permissible. When a closing base pair is

explicitly modeled, P → aPa′ | aNa′, lone pairs are not permitted. The

alternative is to permit lone pairs which is typically accomplished by

P → aPa′ | N . As written thus far, grammars do not permit lone pairs. In some

cases, it is also possible to completely eliminate the N nonterminal in a

structurally unambiguous fashion. We utilize the G8 grammar to compare these

alternative formulations. We refer to the version which permit lone pairs as G8LP

and the version in which the N nonterminal is eliminated entirely, leaving simply

P → aPa′ | aS | Ta | TaP aa′
a′, as G8noN .

Because the G6 grammars showed limited improvement with the addition

of stacking parameters, we wondered if the improvements observed in G7 and G8

relative to G3 and G4 are a result of the utilization of stacking parameters or

because of the remodeling of the grammar. As such, both the G7 and G8

grammars were re-parameterized without the use of the 16x16 stacking matrix.

Effectively this takes the P production from P bb′ → aP aa′
a′ | aNa′ to

P → aPa′ | aNa′. We refer to the reduced alternative parameterizations as

G7nostack and G8nostack respectively.

The performance of these stacking variations are shown in Table 3.4. The

differences observed between grammars G8, G8LP , G8noN , who differ only in the

method of closing a stem, were negligible. For RNase P and SRP in our

benchmarking set we observe the increasing general order of G8noN , G8LP , G8.

This ordering is maintained for the vast majority of RNA families in Rfam



46

Table 3.4: Stacking Variations Performance. The first section contains alter-
native stacking methods which modify the backbone of the grammar. The second
section shows pairs of grammars, the first in each pair does not utilize the 16x16
stacking parameters compared to the second, but otherwise the pair maintain the
same grammar backbone. In all cases the grammars were trained on rRNA as
described in the text.

Benchmarking Set
Sensitivity % (PPV %)

Grammar Full RNase P SRP tmRNA
G8 46.32 (43.46) 45.93 (46.04) 51.69 (53.42) 43.73 (32.41)

G8LP 45.65 (43.08) 45.47 (46.01) 50.88 (52.79) 42.30 (31.32)
G8noN 45.79 (43.81) 45.00 (46.17) 50.76 (53.04) 44.48 (33.50)

G6 47.43 (44.80) 48.55 (49.08) 47.31 (48.91) 44.43 (33.12)
G6S 48.61 (45.43) 49.94 (49.82) 49.76 (51.32) 43.94 (32.47)

G7nostack 44.00 (41.43) 44.01 (44.38) 50.18 (51.33) 39.35 (29.34)
G7 45.33 (42.61) 45.82 (46.09) 50.28 (52.26) 40.33 (29.79)

G8nostack 44.85 (42.23) 44.15 (44.54) 50.70 (51.65) 42.60 (31.81)
G8 46.32 (43.46) 45.93 (46.04) 51.69 (53.42) 43.73 (32.41)

(results not shown) despite tmRNA (and consequently our full benchmarking set)

reversing the order of G8noN and G8LP . In all cases, the G8 version shows

slightly better performance than the two alternatives despite roughly one quarter

of the sequences in our testset having annotated lone pairs.

More intriguing, the addition of stacking parameters appears to improve

performance by only roughly one percent. This was unexpected. The

fundamental paradigm of thermodynamic methods is the nearest-neighbor

model [42, 117,118,168,170,185] in which the free-energy for forming a base pair

depends on the adjacent pair. Consequently, modeling stacking was expected to

be an important component to improving probabilistic models. Yet our results

imply only minimal improvement with stacking parameters. This is consistently

observed for three separate grammar backbones, G6S relative to G6, G7 relative

to G7nostack, and G8 relative to G8nostack.

The reason for the strong differences between different designs is probably

related to how naturally the production rules of the grammar correspond to the

biological constraints of RNA structures. The compact G5 grammar, for

instance, must invoke the same rule S → aSa′S for every base pair and for every
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structural bifurcation, which are quite different structural features that occur

with very different frequencies. The productions of G5 are thus “semantically

overloaded”: they collapse too many different types of information into the same

parameters. Looking at Figure 3.1, G6 and G3 arguably have the most natural

parse trees, in the sense that they invoke one dedicated production per base pair

(as opposed to two, as in G4’s stutter-step for each base pair, or the overloaded

base pair/bifurcation production in G5).

3.4.3 Comparison to Mathews et al. benchmark

The sensitivity of mfold and RNAstructure was reported to be 73% on a

different benchmark dataset [118], which is quite a bit higher than the 56% as

obtained here. This concerned us, so before drawing any conclusions from our

results, we did additional work to verify our benchmarking of the thermodynamic

methods, using mfold as a representative method.

Dave Mathews kindly provided us the benchmark set used in [118].

Because some of the sources of his structure data were privileged, Mathews could

not grant us permission to freely distribute this benchmark set (which is why we

report performance results on a new benchmark set we are comfortable

distributing). We measure mfold at 67% sensitivity on Mathews’ dataset instead

of the 73% sensitivity reported in Mathews et al. [118]. Our procedure differs

from theirs in two steps. First, we count only exactly correct base pair

predictions, whereas Mathews et al. count a base pair as correct even if there is a

slight (1 nt) slip in the prediction. Second, we report the sensitivity over all base

pairs in the dataset (total correct base pairs / total base pairs predicted in the

whole benchmark), whereas they calculate an average of the individual sequence

base pair sensitivities. We found that each of these differences contributes about

a 3% difference in the measured sensitivities, with our procedures systematically

producing more conservative measures than Mathews et al.

The difference between the 56% we report and the 67% obtained by

applying our method to Mathews’ dataset lies in the choice of secondary

structures. Most importantly, prediction accuracy varies significantly from RNA

family to RNA family. We have excluded tRNAs from our benchmark set
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because they are small and reasonably predicted by both methods; the G6S

grammar achieves roughly 80% sensitivity on the Mathews’ tRNAs, and Mathews

reports 83% for energy minimization [118]. Instead, we included tmRNAs, which

tend to be difficult to predict (mfold and G6S achieve around 45% sensitivity)

because of the presence of pseudoknots which account for 21% of base pairs in

the family. These differences account for some of the performance difference,

since Mathews et al. included tRNAs but did not use tmRNAs.

We also looked carefully at the overlap between the 16 RNase P’s in the

Mathews benchmark and the 225 RNase P’s in ours: 9 are unique to the

Mathews set; 218 are unique to ours; and 7 occur in both sets. mfold predicts the

9 structures unique to the Mathews set with 65% sensitivity and the 218

structures unique to our dataset at 56% sensitivity, so there may be some bias

toward more difficult-to-predict structures in our set. In addition, there are

differences between the secondary structures in our dataset and in Mathews’ set

even for exactly the same sequences. We compared the structures for the 7

RNase Ps included in both sets and found that these matched in only about 90%

of their base pairs. mfold predicted those structures annotated in the Mathews

benchmark at 60% sensitivity, whereas it predicted those in ours (e.g. structures

as annotated in Jim Brown’s current RNase P database) at 56% sensitivity. The

secondary structures of many bacterial and archaeal RNase P’s were revised in

2001 in light of additional comparative sequence analysis [61]. This suggests (not

unexpectedly) that there is a slight bias toward mfold in benchmarks. RNA

secondary structures are derived from a combination of manual comparative

analysis and computational prediction, so there is some logical circularity when

benchmarking (that is, we are benchmarking mfold on structures that sometimes

may have been produced in part by mfold). This bias disappears gradually as

comparative evidence accumulates and structures are refined. We therefore feel

we can adequately account for the absolute differences in prediction accuracy as

measured by the two benchmarks.

The most relevant question is whether different prediction methods are

ranked the same on either data set. This appears to be the case. For example, on

the Mathews benchmark set measured by our procedures, the G3 grammar has a

sensitivity of 41%, G6 has a sensitivity of 55%, and mfold is at 67%, which is
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essentially the same relative difference as shown in Table 3.3. We therefore

believe that the relative performances reported in Table 3.3 are reasonably fair

and largely independent of our choice of test structures.

3.5 Concluding Remarks

Our goal in this chapter was to explore how much SCFG design decisions

impact RNA secondary structure prediction accuracy. Structural ambiguity is

clearly a concern if structure prediction is the goal, as we showed with the

reordering experiment. The results in Table 3.3 indicate that even among

different unambiguous SCFG designs, grammar design decisions matter quite a

bit.

Our results here probably underestimate the performance that could be

wrung from any of these SCFGs if they were more systematically and carefully

parameterized. Our parameterization was based just on counts from a large

rRNA database. SSU and LSU ribosomal RNAs, though large, are not

representative of all RNA structures; the ideal training set would be a large

number of evolutionarily unrelated RNA secondary structures. Additional

performance can probably be achieved from these SCFGs by training on larger,

more diverse datasets.

Apparently without considering alternative designs, Knudsen and Hein

had already described the simple and effective G6 grammar, and extended it to

analysis of input multiple sequence alignments in the program Pfold [100,102].

Because our exploration has not been exhaustive, we can not say that G6 is the

best possible simple grammar. However, after exploring various alternative SCFG

designs, we confirm that the Knudsen grammar is an excellent, simple framework

in which to develop probabilistic RNA analysis methods.
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Figure 3.1: Example parse trees for four different unambiguous gram-
mars, G3-G6. See the text for the production rules of each grammar.
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Chapter 4

Pairwise RNA Structural

Alignment

One of the first attempts to tackle structural alignment was by Gorodkin

and Stormo [49]. Rather than computing the full structural alignment algorithm,

they simplify the problem by eliminating bifurcation rules thereby limiting the

structure to stems. This reduces the runtime to O(L4). A simple plus one scoring

scheme is used for base pairs and a simple scoring matrix is used for alignment.

They then applied this algorithm, FOLDALIGN, to the analysis of UTR regions

with some success [50].

Despite being computationally demanding, computer advances and

increasing scientific need have made the full pairwise Sankoff algorithm

attractive. To implement structural algorithm requires developing a method of

combining the score of folding, which is typically thermodynamic, with the score

of alignment, which is largely probabilistic. The approach we have taken to

reconciling the scoring system is to develop a fully probabilistic model, a

pairSCFG. In this chapter we outline the details of the development of our

pairSCFG.
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4.1 Pairwise Grammar Design

From the single sequence grammars evaluated in Chapter 3, G6, G7, and

G8 give reasonable prediction accuracy while staying relatively small. The G6

grammar looks particularly attractive because of its solid performance and

exceedingly small size, requiring only three nonterminals.

However, G6 suffers from a fatal flaw when extending it to pairwise

alignment. The G6 grammar emits all unpaired regions of the structure through

the L → a rule. Hence each unpaired residue is emitted independently of its

neighbors. Extending this to pairwise by replacement of the L → a rule by

L →
x

y
would allow only ungapped alignments. On the other hand, using

L →
x

y
|

x

−
|
−
y

precludes us from enforcing gap ordering, resulting in an

alignment ambiguous pairwise SCFG.

Consequently, we focused on extending the G8 grammar, the smaller of

the two remaining candidates (4 nonterminals). It is instructive to walk through

the derivation of a pairSCFG which we believe to be both alignment and

structurally ambiguous. We start with the core of the structurally unambiguous

G8 grammar, recall:

G8: S → aS | T | ε
T → Ta | aPa′ | TaPa′

P → aPa′ | aNa′

N → aS | Ta | TaPa′

which we want to combine with a fairly standard pairHMM, an example shown in

Figure 2.2. The combination must preserve the unambiguous nature of both

alignment and structure. We first extend base pairing states to the pairwise case,

a

b
P

a′

b′
. We then replace single stranded regions with the full pairHMM,

eliminating extra non-emitting states whenever possible. The resulting grammar:
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S →
a

b
S |

a

−
Lx |

−
b

Ly | T | ε

T → T
a

b
| Rx

a

−
| Ry

−
b
|

a

b
P

a′

b′
| T

a

b
P

a′

b′

Lx →
a

b
S |

a

−
Lx | T | ε

Ly →
a

b
S |

−
b

Ly | T | ε

Rx → T
a

b
| Rx

a

−
|

a

b
P

a′

b′
| T

a

b
P

a′

b′

Ry → T
a

b
| Ry

−
b
|

a

b
P

a′

b′
| T

a

b
P

a′

b′

P →
a

b
P

a′

b′
| N

N →
a

b
S |

a

−
Lx |

−
b

Ly | T
a

b
| Rx

a

−
| Ry

−
b
| T

a

b
P

a′

b′

has eight nonterminals. An example parse tree is shown in Figure 4.1.

Lexicalization of the stacking state such that

P xx′,yy′ →
a

b
P aa′,bb′ a′

b′
| N

would require a 16x16x16x16 matrix to model all possible base pair

combinations, resulting in 65,536 parameters for the stacking rule alone. This

was considered prohibitive, particularly with limited training data available.

Table 3.4 showed only a small loss in performance accuracy when single sequence

grammars are not lexicalized, so we chose not to lexicalize the pairSCFG.

As with the single sequence grammars, there is flexibility in whether to

model lone pairs. There is concern that enforcing a closing pair, which gave only

a minuscule improvement in performance for single sequence, would be overly

restrictive here. Therefore P → N is utilized and lone pairs are permitted.
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4.2 Parameterization

If training the grammar for a particular application we might have reason

to believe the rate for insertion in x should differ from y. However, when

building a general tool, it seems disconcerting for the grammar to contain

arbitrary directionality. It would be preferable if the model demonstrated

symmetry, i.e. the comparison of x to y is equivalent to comparing y to x.

Therefore we seek to parameterize the model so as to enforce symmetry.

The production rules of the grammar consist of three distinct types: single

nucleotide rules where the right side of the production rule is

a

−
Lx ,

−
b

Ly , Rx

a

−
or Ry

−
b

,

aligned nucleotide rules where the right side of the production rule is

a

b
S or T

a

b
,

and base paired nucleotide rules where the right side of the production rule

includes
a

b
P

a′

b′

either alone or as part of a bifurcation rule. A fully parameterized version of this

grammar contains 12 single nucleotide rules (4 parameters apiece), 8 aligned

nucleotide rules (16 parameters apiece), and 8 aligned base pair nucleotide rules

(256 parameters apiece) totaling 2234 emission parameters. We reduce the

required emission parameters to 276 by tying together similar emissions so that

the pairSCFG is described by 4 single nucleotide parameters, a single 4x4 matrix

of alignment parameters, and a single 16x16 matrix of base pair parameters. To

enforce scoring symmetry, the two matrices (4x4 alignment and 16x16 base pair)

must be symmetric. The result is 150 emission parameters of which 129 are free.

Making the emission matrices symmetric is necessary but not sufficient to

enforce scoring symmetry. We must also tie together transition parameters
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appropriately. This is accomplished in two steps. The first step makes certain

that there is no difference in starting a gap in either x or y. This is accomplished

by tying together the three sets of “gap open” rules:

S →
a

−
Lx |

−
b

Ly

T → Rx

a

−
| Ry

−
b

N →
a

−
Lx |

−
b

Ly | Rx

a

−
| Ry

−
b

from the same nonterminal. For example S → Lx must equal S → Ly. The result

is the S, T and N nonterminals are reduced to four transitions parameters each.

The second step is to tie together similar productions from the L and R

nonterminals associated with gap extensions and gap closure. The rules of the

two L nonterminals:

Lx →
a

b
S |

a

−
Lx | T | ε

Ly →
a

b
S |

−
b

Ly | T | ε

are tied so that productions identical on the right side are equal. For example,

the Lx → T rule has the same transition probability as Ly → T . Similarly the

two R nonterminals:

Rx → T
a

b
| Rx

a

−
|

a

b
P

a′

b′
| T

a

b
P

a′

b′

Ry → T
a

b
| Ry

−
b
|

a

b
P

a′

b′
| T

a

b
P

a′

b′

are described by four transitions rather than eight. The result is a reduction in

transition parameters from 35 to 22 total parameters (16 free).

In the simplest parameterization of a pairSCFG, they are estimated from

frequencies observed in annotated secondary structures. As utilized in Chapter 2,

the training sets are the large and small subunit rRNAs, obtained from the

European Ribosomal Database [181,183]. Sequences containing more than 5%
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ambiguous bases or with less than 40% base pairing are discarded. The resulting

data set was then filtered to remove sequences with greater than 80% idenity. For

the pairSCFG we utilize the two resulting multiple sequence alignments which

contain 707 sequences, of which 568 are SSU and 139 are LSU.

The parse tree for each pairwise alignment is determined and the number

of occurrences of each production type is counted. All pairs, excluding self-to-self

comparisons, are counted. Production probabilities are then estimated from the

counts using a Laplace (plus-one) prior [30].

4.3 Benchmarks

Given the full pairwise structural alignment algorithm (CYK with our

pairSCFG), we can examine performance relative to accuracy of RNA structure

prediction, accuracy of alignment, memory requirements, and runtime. Our test

set is a reproduction of the set described by Mathews for Dynalign [119]. We

generate the multiple sequence alignments from Rfam seed alignments, one with

13 tRNA sequences and the other with 7 5S RNA sequences. This dataset, with

all sequences shorter than 120 nucleotides, can be analyzed using the pairwise

structural alignment.

As previously described, the parameters of the pairSCFG are tied to

enforce symmetry. In other words, the comparison of sequence x to y is the same

as comparing y to x. As a control, this was confirmed. Unless otherwise

specified, we do not compare a sequence to itself. We need only compare each

pair once, so in a multiple sequence alignment of n sequences we make n(n− 1)/2

pairwise comparisons.

As described in Chapter 3, we utilize base pair sensitivity and base pair

positive predictive value (PPV) as structure metrics. We compare the structure

predicted by the pairSCFG to the pairwise consensus structure given in the

trusted alignment. We report sensitivity and PPV as cumulative statistics over

all possible base pairs (total correct base pairs / total base pairs in all pairs).
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In addition we calculate the alignment identity between the trusted

pairwise structural alignment and our predicted alignment. The identity of an

alignment is defined as the number of alignment columns correctly determined

relative to the trusted (given) alignment. As with structure comparisons, we

compute alignment identity cumulatively over all columns in all alignment pairs.

Compared to Single Sequence

We first want to show that the pairSCFG improves upon structure

prediction relative to its single sequence analog. Both grammars are trained on

the same ribosomal dataset described earlier. Using the single sequence SCFG

upon which our pairSCFG is based (referred to in Chapter 3 as G8nostack) we

calculate the single sequence accuracy on each sequence in our dataset. Then we

utilize the pairSCFG but compare each sequence to itself (therefore we do not

gain any sequence alignment information). Lastly, we calculate the performance

of all possible pairs, excluding self comparisons.

Table 4.1: Comparing Performance of Single Sequence to Pairwise SCFG
A comparison of the single sequence G8nostack grammar to the pairSCFG built from
its backbone. Using the pairSCFG to compare a sequence to itself shows that the
pairwise grammar performs roughly equivalent to its single sequence counterpart
in the absence of alignment information.

Full Set 5S tRNA
Method Sens PPV Sens PPV Sens PPV
G8nostack 47.08 48.08 30.36 33.50 60.81 58.66
self vs self 48.49 42.65 33.48 31.51 60.81 50.76
pairwise 71.47 68.50 50.20 49.87 80.42 75.96

The results are shown in Table 4.1. In the absence of alignment

information (self versus self), the pairSCFG performs similarly to the single

sequence grammar on which it was developed. With the addition of alignment

information, performance improves. For 5S, the worst case single sequence

structure prediction (AE017179) improves from 7.14% sensitivity to 28.57 - 57.14

% depending on the pairwise comparison considered. For tRNA the worse single

sequence case (RF6320) has 0% sensitivity, but with any pairwise comparison
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improves to 33.33 - 100.00 %. In addition, of the 78 pairwise tRNA comparisons

11/78 result in 100% sensitivity and 9/78 result in 100% PPV (two are both).

Dynalign and Stemloc Comparisons

Dynalign is essentially a pairwise extension to the thermodynamic single

sequence program RNAstructure. Dynalign computes a constrained pairwise

structural alignment, restricting the alignment positions to a maximum distance

of M. Mathews reports single sequence performances on the tRNA and 5S

subsets as 59.7% and 47.8% and pairwise performance of 86.1% and 86.4%

respectively [119].

Using my reproduction of the Mathews dataset and our benchmarking

method, we attempted to reproduce the Mathews benchmark as described

in [119] using both Dynalign and stemloc. Neither of these implementations are

scoring symmetric, giving different results depending on whether sequence x is

compared to y or sequence y is compared to y. Therefore, we examine all pairs,

excluding self-to-self comparisons.

In our hands, mfold obtains 65.2% and 30.8% and Dynalign obtains 84.8%

and 58.1% sensitivity on tRNA and 5S respectively. As with the single sequence

benchmark differences (see Section 3.4.3), the discrepancy between our

benchmark and the one reported in [119] is attributable to slightly different

metrics, different measurement techniques, and data set changes. These

differences are most pronounced in the 5S dataset.

In the case of tRNA we both show approximately a 20% improvement in

sensitivity when using pairwise methods over single sequence folding

(thermodynamics improves from 65.2% to 84.8% and we improve from 60.8% to

80.4%). Our 5S performance is also comparable (thermodynamics improves from

30.8% to 58.1% and we improve from 30.4% to 50.2%). Interestingly, other

grammars from Chapter 3 showed better single sequence performance on the 5S

dataset (data not shown).

For our pairSCFG, a single set of parameters is utilized for both families.

But for Dynalign, a pseudoenergy gap penalty ∆G0
gap was first optimized for each
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family. The 5S penalty of 0.6 kcal/mol−1 is quite different from the 2.0

kcal/mol−1 utilized for tRNA. In addition, Dynalign permits single base pair

inserts when predicting 5S but does not when predicting tRNA. Therefore it can

be argued that the Dynalign performance is heavily optimized for this dataset.

An implementation of the Holmes envelope algorithm has only recently

become available (http://dart.sourceforge.net/stemloc/). Holmes’

implementation, Stemloc, is technically impressive. In addition to his previously

described fold envelopes, the implementation utilizes alignment envelopes. Both

sequences are pre-folded by a single sequence SCFG and pre-aligned by a pairwise

hidden Markov model (pairHMM). The n best folds (per sequence) and n best

alignments (per sequence pair) are sampled to generate the fold and alignment

envelopes. The pairSCFG then only considers solutions which are consistent with

the precomputed fold and alignment envelopes [77]. The Holmes pairSCFG is

completely general and therefore both alignment and structurally ambiguous [80].

When used with default parameters, stemloc obtains 67.2% and 35.5%

sensitivity on our tRNA and 5S datasets, respectively. (There is no single

sequence equivalent for stemloc.) The default implementation of stemloc is

constrained to minimize runtime. When these constraints are removed

(-pleasekillme parameter) the tRNA performance improves to 84.7% sensitivity.

However, in this mode there is insufficient memory on the machine to compute

the 5S alignments, i.e. 5S alignments require > 2.5 GB memory.

Compute Resources

The full pairSCFG algorithm is computationally intensive. Using a dual

2.8 GHz P4 machine with 2.5 GB of memory we determine the empirical resource

requirements. As shown in Figure 4.2, the observed runtime and memory

requirements adhere to expected O(L4) and O(L6) in memory and time,

respectively. For two representative tRNAs, lengths 76 and 77, the algorithm

requires 290 MB of memory and 910 seconds. For two representative 5S

sequences, lengths 116 and 117, the algorithm has already climbed to 1556 MB of

memory and 22,902 seconds. While the resource requirements are daunting, they

represents an unoptimized baseline implementation. Additional speedups and
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memory reductions should be possible using software engineering techniques such

as code profiling and vectorization. These methods have not yet been explored.

4.4 Concluding Remarks

The pairSCFG is postulated to be structurally and alignment

unambiguous. To empirically confirm that the grammar is unambiguous would

require the implementation of the full Inside and the development of a conditional

Inside. A conditional Inside algorithm for a pairSCFG would calculate

P(x,y, $|G, Θ) =
∑

π∈C($)

P(x,y, π|G, Θ)

where the Inside algorithm is limited to C($), those parse trees π consistent with

the given structural alignment $. If the structural alignment $ is a labeling that

captures both base pairing (structure ν) and gap labeling (alignment υ), then

structural and alignment ambiguity are simultaneously tested.

No amount of software engineering will solve the reality of O(L4) in

memory and O(L6) in time. Consequently, if we are to utilize the structural

alignment algorithm for larger datasets, it must first be constrained to run in less

memory and with quicker runtimes. A constrained algorithm is the subject of the

next chapter.
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Figure 4.1: Example parse tree for pairSCFG. Left: An example parse tree for
the pairSCFG described in the text. The grammar emits two correlated sequences,
x in black (above) and y in blue (below). The resulting structural alignment is
shown at the bottom, with lines connecting base pairs. Note that the structure
for x (in black, above) has what is most likely an unconserved base pair C·G in
second stem of the structure. The individual structures are shown on the right.



62

Figure 4.2: Full pairwise structural alignment resource requirements. The
top graph shows the empirically determined memory requirements (Y axis in MB)
for the pairwise alignment of two sequences of identical length (X axis in nu-
cleotides). The bottom graph is a similar plot showing the empirically determined
runtime (Y axis in seconds) for two sequences of identical length (X axis).
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Chapter 5

A Constrained Structural

Alignment Algorithm

Recall that the full pairwise structural alignment algorithm is O(L4) in

memory and O(L6) in time. With our implementation on a machine with 2 GB

of memory, this limits the structural alignment determination to sequences less

than 120 nucleotides in length. Therefore, we can not employ the algorithm on

the sequences of the dataset outlined in Chapter 2, which contains RNase P

(average length 336 nucleotides), SRP (average length 202 nucleotides), and

tmRNA (average length 353 nucleotides). In Rfam v6.1, 228 of 350 families (4930

of 7482 total sequences) are 120 nucleotides or less. It should be noted, however,

that Rfam is biased toward small RNAs [51], subdividing larger RNAs into

subdomains. To utilize pairwise structural alignment more broadly requires

reducing the memory and runtime requirements.

5.1 General Methods of Constraint

Consider the problem of single sequence folding. When chemical

modification, enzyme accessibility, or other experimental information [34] is

available the folding algorithms can exclude structures which contradict

observations [84,117]. Numerous studies have shown that the utilization of
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constraint information improves thermodynamic secondary structure

predictions [115,118,191].

In alignment, a common constraint is the utilization of an exact short

ungapped region, a word. The word anchors the sequences together, allowing for

the construction of the alignment around these positions. More commonly, words

are not known with absolute certainty. The expectation that words exist is the

underlying principle to heuristic search algorithms such as BLAST and

FASTA [4,30,136].

Two recent approaches have tackled the full structural alignment by

utilizing constraints. Mathews and Turner [119] produced an implementation,

Dynalign, which takes advantage of the global nature of the alignment to fix a

window M around the alignment diagonal. In other words, a position in

sequence x is restricted to align within ±M of the same position in y. Holmes

and Rubin described an alternative approach. As described, their pairSCFG is

restricted to a set of precomputed secondary structures, a “fold envelope” [80].

Compared with structure prediction, which is typically O(L3) in time,

sequence alignment algorithms are a rapid O(L2). In addition, for suitably

similar sequences, we anticipate that alignment will be more accurate than

structure prediction. Consequently, in absence of experimental information, we

favor alignment over structure constraints.

In this chapter we detail a third method of constraining the structural

alignment algorithm. Our approach assumes a few positions of the structural

alignment are known, which we refer to as “pins”. The structural alignment is

then computed around these fixed positions. Because pins are not known a

priori, we also detail a constraint generating system for this algorithm which

utilizes the posterior probability table as generated from a pairHMM.

5.2 Constrain on Alignment Pins Algorithm

First we define notation. By convention, i, a, and j are indices in x and k,

b, and l are indices in y. Sequence x is length M and y is length N . The
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potential base pairing partner of i is j. The potential base pairing partner of k is

l. The indices a and b locate the split points in a bifurcation rule. The

subsequence i...j aligns to k...l. For each nonterminal in the grammar we keep a

four dimensional matrix, i, j, k, l. With bifurcation rules, we must consider all

possible split points, therefore 1 ≤ i < a < j ≤ M and 1 ≤ k < b < l ≤ N .

We define a pin qz as a coordinate pair (qz(x), qz(y)) where the nucleotide

qz(x) aligns to the nucleotide qz(y). The ordered set of alignment pins Q contains

Z pins, numbered from the 5′ end of sequence x, i.e. z = 1..Z. We always define

two pins (Z ≥ 2) as boundary conditions: one which comes before the 5′

nucleotide of each sequence q1 = (0, 0) and one which follows the 3′ nucleotide of

each sequence qZ = (M + 1, N + 1).

We seek to calculate

π̂ = argmaxπ P (π,x,y | Q,G, Θ)

the highest probability parse tree π̂ for the sequences x and y given the set of

alignment pins Q, the pairwise grammar G, and the parameters of the model Θ.

If the pins are “correct”, i.e. ∀z ∈ Q : {(qz(x), qz(y)} are aligned nucleotides in

the alignment from the unconstrained algorithm, then the constrained algorithm

is guaranteed to find the same optimal structural alignment π̂ as generated by

the unconstrained algorithm.

Given Q, we define a segment S(i) as the range of index k in y which

must be considered. A position i between pins qz and qz+1 has a segment S(i)

which implies qz(y) < k < qz+1(y). We refer to edges of the range, in this case

qz(y) and qz+1(y) as SL(i) and SR(i) respectively. Refer to Figure 5.1 Panel A for

a labeled example. For the unconstrained algorithm, Q contains two pins (q1 and

qZ), S(i) is the full N nucleotides of y, and the algorithm computes the full

structural alignment algorithm.

Each constraint provided is an additional pin in Q and will reduce the

range of indices which must be considered. Figure 5.1 Panel B outlines in

pseudocode the constrained structural alignment algorithm. The existence of

alignment pins generally does not restrict the structure prediction (indices i, a,

and j) of the first sequence, x. However, for a particular instance of each of these
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indices, the corresponding range of their possible alignment partners (k, b, and l

respectively) is reduced. If we were using an ungapped alignment approach, a

single midpoint pin would reduce the memory by 1/4 and the runtime by 1/8.

The effect of gaps deserves some discussion. When a position of interest i

is a pin, the precise alignment partner is known. It seems naively that the

segment S(i) should be one nucleotide. This is only true in ungapped alignments.

In gapped alignments, we must consider that the pin may end or begin a gap. An

indel aligns a nucleotide to nothing. In alignment dynamic programming the

effect is that one index k progresses while the other i is fixed. Consequently, to

consider all possible gap states requires S(i = qz(x)) to imply

qz−1(y) < k < qz+1(y). In this case the segment S(i) overlaps the segments

S(i− 1) and S(i + 1), shown in Figure 5.1 Panel C. For this reason, a single

midpoint pin takes more memory and longer time than the ungapped case.

Performance Given Correct Pin

In general, the runtime and memory requirements of the constrained

algorithm are dominated by the largest segment. Consequently, the speedup and

memory reduction implied by one or more pins depends on their distribution

along the two sequences. Optimal placement results in evenly sized segments. All

runtime and memory measurements were conducted on a dual 2.8 GHz P4

machine with 2.5 GB of memory.

Figure 5.2 shows a heatmap representation of the memory required when

every possible single pin is utilized to constrain two random sequences of length

90 nucleotides. Runtime produces a similar heatmap. Clearly, pins which join the

5′ end of one sequence to the 3′ end of the other severely restricts the possible

structural alignment and thus dramatically reduce the resources needed for the

full pairSCFG algorithm. These are not, however, likely to be correct pins.

Because the alignment is global, most correct pins are expected to be near

the diagonal. Figure 5.3 shows the memory reduction and time speedup for pins

along the diagonal. Any pin eliminates a large number of possible alignments and

therefore reduces the search space. The full unconstrained algorithm requires 560

MB memory and 3438 seconds to compute (for two 90mers). The pin which
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provides the least improvement in resources connects the two sequences via their

5′ (or 3′) end and requires 536 MB and 1068 seconds. The midpoint pin (best

case) requires 210 MB and 255 seconds.

Table 5.1: Performance of pairSCFG using alignment pins. A comparison of
the performance of the full unconstrained structural alignment to the performance
with pins. The first row recalls the performance of the full unconstrained structural
alignment algorithm using the parameters trained on LSU and SSU as described
in Chapter 4. The constrained algorithm utilizes well-spaced correct pins, taken
from the known structural alignment.

Full 5S tRNA
Method Align Sens (PPV) Align Sens (PPV) Align Sens (PPV)

base 83.79 71.47 (68.50) 81.36 50.20 (49.87) 84.50 80.42 (75.96)

Given Pins, Equally Spaced

one 90.72 78.02 (74.02) 82.62 53.54 (53.80) 91.04 86.84 (82.66)
two 88.62 77.47 (75.39) 78.61 51.18 (52.76) 91.31 87.67 (83.49)

three 90.72 78.02 (74.02) 92.62 53.54 (53.80) 92.91 87.52 (81.26)

Assuming for the moment that the pins are correct, we can assess the

performance of the constrained algorithm. We use the parameters as described in

Chapter 4, estimated from the LSU and SSU training set using a Laplace

(plus-one) prior. We then select correct pins from known structural alignments

using the 5S and tRNA dataset described in Chapter 4.

Table 5.1 shows the performance of the constrained algorithm given a few

correct pins. In general, performance is roughly equivalent or better than the

unconstrained pairSCFG. When the performance improves, the correct pin

actually eliminates high scoring incorrect alignments thereby improving the

resulting predictions.

Table 5.2 shows the resource requirements of our constrained alignment

algorithm, stemloc, and Dynalign. Dynalign runs in astonishingly little memory

(only 37 MB for a pairwise comparison of 5S). This is the big benefit to a fixed

alignment window parameter M. Our implementation on the other hand requires

significant memory for the same comparison (297 MB - 1.6 GB) even with pins.

On the other hand, our method is reasonably fast, particularly when pins are

utilized. Stemloc is resourceful in default mode, but is outperformed by both
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Table 5.2: Resource Utilization Comparison In the Dynalign paper [119],
Mathews gives the resource requirements for a single pair of tRNAs and 5S se-
quences. In section one, we reproduce those benchmarks on a dual 2.8 GHz P4
machine with 2.5 GB memory. In the second section we use the same benchmark
to assess Holmes’ stemloc, using both default and -pleasekillme parameterization.
(The machine lacked sufficient memory for 5S in -pleasekillme mode.) In the fi-
nal section we compare these to the resource requirements of both the full and
constrained implementation of our pairSCFG.

Sequence Pair Parameters CPU (sec) RAM (MB)

Dynalign

RD0260 vs RE6781 tRNAs M = 15 601 19
X02128 vs M16173 5S M = 15 1798 37

Stemloc

RD0260 vs RE6781 tRNAs default 1 17
X02128 vs M16173 5S default 2 22

RD0260 vs RE6781 tRNAs pleasekillme 1978 860

pairSCFG

no pins 910 290
RD0260 vs RE6781 tRNAs one correct pin 88 112

two correct pins 34 59
no pins 22902 1556

X02128 vs M16173 5S one correct pin 1708 579
two correct pins 584 297

Dynalign and our pairSCFG in prediction accuracy (see Section 4.3). When

constraints are removed from stemloc (-pleasekillme), resource demands soar.

5.3 A Pin Generating System

Unfortunately, we do not know a few alignment pins a priori. A method of

generating high quality pins is need. We utilize a pairHMM to calculate a

reliability measure, or posterior probability, for each position in a pairwise

sequence alignment. The posterior probability is simply how often a position in

one sequence aligns to a position in the other sequence relative to all possible

alignments between the two sequences.
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I. Holmes’ dpswalign program, a pairHMM implementation from his Dart

package [76], is utilized with default parameters. The “-pt” option returns the

posterior probability table between any two sequences. The “-oa” option returns

the optimal accuracy alignment. An example posterior table is shown in Figure

5.4.

Given a posterior table, we want to select a set of consistent pins. A set of

pins is consistent if all of the pins can co-exist in at least one sequence alignment.

In a consistent set qz(x) < qz+1(x) implies qz(y) < qz+1(y). The optimal accuracy

alignment [30,76] maximizes the sum of the individual posterior probabilities

implied by the positions of the alignment. We utilize the optimal accuracy

alignment as a basis for selecting a set of high probability consistent pins.

The first concern was the accuracy of the posterior probabilities generated

by dpswalign. Using the 5S and tRNA benchmarking dataset, we collect the

posterior probability for all alignment columns of all optimal accuracy

alignments. We then assess their correctness relative to the known structural

alignment. A 90% posterior probability position should be correct 90% of the

time. The result is shown in Table 5.3. As the data shows, the posterior

probabilities are often optimistic (the percent correct is less than the posterior

value). But at high posterior probabilities they are accurate: 96% of posterior

values > 0.95 are correct and 97% of posterior values > 0.98 are correct.

We anticipate that the availability of pins whose posterior value is > 0.95

will depend on the percent identity between the sequences, so we determine how

many quality pins (posterior > 0.95) are available for the benchmark dataset.

Using the percent identity of the optimal accuracy alignment, Figure 5.5 shows

the number of pins which meet our quality criteria (posterior > 0.95) for all

pairwise comparisons in the benchmark dataset. For alignments of reasonable

percent identity (> 55%) there are plenty of high quality pins. No quality pins

(posterior > 0.95) are observed for 19 of the 99 pairwise comparisons (all < 52%

alignment identity). If we accept pins with posteriors as low as 0.90, only 8 of the

99 pairwise comparisons have no quality pins.

For the 80 pairwise comparisons with quality pins, we assess the impact of

predicted pins on the structural alignment algorithm. We select a subset of
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Table 5.3: Accuracy of Posterior Probabilities. The posterior probabilities
from the optimal accuracy alignment are binned on 0.05 intervals and assessed for
accuracy. For each bin (labeled by the smallest value of the interval) the number of
pins (#Pins) observed in the interval, how many of these pins are incorrect (FP),
and the resulting percent correct (% correct) are given. For example, the second
row shows that 768 potential pins (columns in the optimal accuracy alignments)
had posterior probabilities between 0.90 and 0.95 of which 101 were not correct
(87% correct).

Bin #Pins FP %correct
0.95 2909 114 96
0.90 768 101 87
0.85 445 74 83
0.80 380 124 67
0.75 400 148 63
0.70 353 141 60
0.65 346 155 55
0.60 316 160 49
0.55 394 195 51
0.50 374 184 51
0.45 420 247 41
0.40 316 206 35
0.35 307 187 39
0.30 259 179 31
0.25 184 125 32
0.20 89 63 29
0.15 27 25 7

< 0.15 3 1 67

quality pins (posterior > 0.95) in order of their posterior probabilities. If two

proposed pins have the same posterior probability, we bias our selection toward

the pin which produces the smallest segments. Table 5.4 shows that quality

predicted pins do not reduce the performance relative to the full unconstrained

algorithm.

Selecting pins purely on the posterior probability ignores the spatial

distribution of the pins selected. Observations indicate that high posterior

probabilities tend to cluster, but a neighboring pin is of minimal additional

resource improvement (memory and runtime). For maximal resource
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Table 5.4: Performance of pairSCFG using predicted pins. A comparison of
the performance of the full unconstrained structural alignment to the performance
with predicted pins. The benchmarking dataset is reduced from 99 pairwise com-
parisons to the 80 pairwise comparisons which have quality pins (posterior > 0.95).
5S reduces from 21 to 18 pairs and tRNA from 78 to 62 pairs. The performance
of the unconstrained base model is given first (on this smaller dataset). Then
performance is compared to using the best one or two predicted quality pins.

Full 5S tRNA
Method Align Sens (PPV) Align Sens (PPV) Align Sens (PPV)

base 83.11 72.87 (70.87) 80.52 52.96 (53.15) 83.87 81.14 (77.91)

Predicted Pins, High Posteriors

one 82.72 72.87 (70.31) 80.52 52.96 (53.15) 83.36 81.14 (77.06)
two 82.72 72.87 (70.31) 80.52 52.96 (53.15) 83.36 81.14 (77.06)

improvements, the pins must be well spaced. A method of pin selection which

considers pin distribution is clearly needed.

5.4 Concluding Remarks

The structural alignment can be constrained on alignment, folding, or

both. We describe an approach which utilizes alignment “pins”. Mathews used

an alignment window method and Holmes described a fold envelope approach.

These constraint types are shown in Figure 5.6. There is a natural hierarchy to

constraint information, as an appropriately described envelope can be created to

represent a window or pin. Note that a window need not be nearby, but instead

can be augmented by an offset parameter, which may be particularly useful for

fold windows. Alignment windows are conceptually similar to the banded

approach to dynamic programming [15,16]. Folding windows have been utilized

in scanning algorithms [146] where the objective is to search through a large

(genome sized) sequence looking for structural signals.

We should note that not all constraint information is useful for reducing

the resource requirements of the algorithm. For example, knowing that a position

is “paired” can improve the accuracy of the prediction but it is not immediately
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clear how to utilize this information to reduce the resource requirements of

structural alignment algorithm.

If the full alignment is known a priori the problem becomes one of

identifying the shared structure. In this case the algorithm reduces to O(L2) in

memory and O(L3) in time. Pfold [101,103] and QRNA [147] are two approaches

to this problem. When the structure of one sequence is known a priori, the

problem becomes one of finding a structural homolog. In general the algorithm

then reduces to O(L3) in memory and O(L4) in time. Fundamentally this is the

underlying approach of covariance models [33] and Klein’s RSEARCH [97].

For sufficiently closely related sequences (> 55% identical in the optimal

accuracy alignments) a few high quality (posterior > 0.95) pins are easily

determined. At further distances, the pin method breaks down. Examination of

the posterior probability table for those pairwise comparisons for which no

quality pins could be found indicates that in these cases windows may be a better

approach (data not shown). A reasonably small window would capture 0.95% of

the alignment posterior probability mass. Rather than utilizing a fixed window,

as Dynalign does, the window could be designed to vary as necessary to capture a

majority of the alignment posterior probability mass. It is easy to imagine a tour

de force implementation capable of utilizing all available constraint information

in an optimal fashion.
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B.

for 0 ≤ i < LenX
for i ≤ j < LenX
for SL(i) ≤ k ≤ SR(i)
for max (k,SL(j)) ≤ l ≤ SR(j)
for i + 1 ≤ a < j
for max (k + 1,SL(a)) ≤ b ≤ min (l − 1,SR(a))

C.

Figure 5.1: Constrained Sankoff Algorithm.
Panel A: A cartoon of a proposed problem with four pins, labeled qz to qz+3 and
shown as dumbbells which connect the two sequences. The indices i, a, and j are
positions in the first sequence x; k, b, and l are positions in the second sequence
y. The corresponding segment edges SL and SR for each position in x are labeled.
In this notation, j is the potential base pairing partner of i, l is the potential base
pairing partner of k, the subsequence i...j aligns with k...l. The indices a and b are
the required for identifying bifurcation points. Panel B: The constrained structural
alignment algorithm in pseudocode, where the notation SL(i) is defined as the left
edge of the segment containing the position i and SR(i) is the right edge of the
segment containing i. The max in the range for l is required to handle the case
where i and j share the same segment. The b range must be handled similarly.
Panel C: The special case where the position under consideration is equivalent to
a pin. In this case, while we know the location of its alignment partner but must
also consider the possibility of insertions in y which may occur before or after this
pin.
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Figure 5.2: Memory requirements for all possible pins between two 90
nucleotide sequences. The heatmap shows that the lowest memory requirements
(red regions) are in typically non-sensible alignments which join the 5′ end of one
sequence to the 3′ end of the other. The band indicates the region which typically
contains meaningful alignments. In this band the lowest memory requirements
(black region) occur when the pins join the two sequences near their respective
middles. When pins are near the edges (green region), the reduction in memory is
significantly less.
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Figure 5.3: Constrained pairwise structural alignment resource require-
ments. The first graph shows the memory requirements (Y axis in MB) for the
pairwise alignment of two sequences (length 90 nucleotides) for a single pin along
the diagonal (X axis). The second graph shows the runtime of the same diagonal
pins.
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Figure 5.4: Example posterior probability table. The posterior probability
table of tRNA RD0260 against RE6781 represented as a heatmap. High posteriors
are shown in dark blue and low posteriors in yellow. Notice how the quality
posteriors are around the diagonal, typically the region of meaningful alignments.

Figure 5.5: Number of posteriors meeting our quality criteria. The number
of quality pins (posterior > 0.95) at various percent identities. The percent iden-
tities are calcualted from the optimal accuracy alignment. Each point represents
a single pairwise comparison.
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Constraints Align Fold
Pins (i,k) (i,j)

Windows M W
Envelopes (i,{k}) (i,{j})

Figure 5.6: Methods of Constraining the Structural Alignment Because
structural alignment simultaneously considers both folding and alignment, there
are many ways to constrain the algorithm. Top: In general we are looking for
the alignment (or folding) partner for a position i in sequence x. Given a generic
coordinate system for structural alignment where i and j are positions in x and k
and l are positions in y. Bottom: A “pin” designates the exact alignment (i, k) or
folding (i, j) partner. A “window” looks for the partner within a specified radius
(W in folding or M in alignment). An “envelope” extends the concept of a pin
to a set of possible alignment k or folding j partners for a position, rather than a
single exact partner.
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Chapter 6

Future Work

In this work, probabilistic models are explored as a unifying framework for

the scoring of alignment and folding. Small, simple, structurally unambiguous,

single sequence stochastic context-free grammars were shown to be reasonable

models for predicting RNA secondary structure. One of the solid single sequence

grammars was then extended to the pairwise case of structural alignment. The

resulting structural alignment algorithm shows good performance in predicting

consensus secondary structure but is computationally expensive. Consequently, a

constrained version of the algorithm was developed which utilizes known

alignment positions (pins). The constrained algorithm calculates the structural

alignment around these fixed positions, reducing both memory and runtime

requirements.

Grammar Designs

The stochastic context-free grammar approach to single sequence folding

deserves more attention. The performance of G6, G7, and G8 is encouraging,

especially considering how few parameters are used by these grammars. The

grammars in this work were tied so as to minimize parameters but preliminary

work with G3 (not shown) indicates that alternative tying schemes may improve

performance. Ultimately it may be possible to develop a SCFG design capable of

outperforming the existing energy minimization methods.



79

The primary parameterization method utilized here was based on counts

from SSU and LSU ribosomal RNA. Better performance can probably be

achieved from these SCFGs by training on a larger more diverse dataset. One

might also explore more sophisticated parameterization strategies. We have done

some exploratory work using conditional maximum likelihood training [104] to

find parameters that directly optimize the accuracy of structure predictions in

the rRNA training data, rather than using maximum likelihood parameters, but

did not obtain a significant performance increase. Another potentially promising

strategy would be to “cross-train” the parameters, incorporating the

thermodynamic parameters in some way as prior information to smooth some of

the more poorly determined probabilistic parameters, analogous to how

probabilistic data is increasingly being used to augment the energy rules [118].

Because the focus of this work was on the development of a pairSCFG, the

grammars explored in Chapter 3 focused entirely on simple geometric loop length

grammars. The thermodynamic methods, however, use more sophisticated loop

length distributions. Grammars of this sort can be modeled by appropriately

designed SCFGs. One implementation of an SCFG mirror of the Zuker algorithm

has been described [146], but it used a structurally ambiguous grammar (it was

not intended for secondary structure prediction per se; it was only used in

summed Inside algorithm calculations where ambiguity doesn’t matter, not in a

CYK algorithm where ambiguity does matter).

Preliminary work on loop length grammars was instructive. Three

separate unambiguous loop length grammars (now shown) showed surprisingly

disappointing performance (best was 35.7% sensitivity and 37.1% PPV on the

single sequence benchmarking set of Chapter 3). Looking at the loop lengths

distributions of known RNAs, a wide discrepancy was observed between the

training set (SSU and LSU) and the testset (RNase P, SRP, and tmRNA). When

the loop length distribution was artificially set to mimic the testset, performance

approached the performance of the best grammars of Table 3.3. The implication

is that careful parameterization of the loop length parameters is critical to the

performance of these more complicated grammars.
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Code Generator

The grammars compared in Chapter 3 are based on designs produced by

myself and a number of colleagues (Graeme Mitchison, Ivo Hofacker, and Bjarne

Knudsen) to whom I am grateful. These grammars are by no means exhaustive.

It is not immediately obvious how to systematically search the space of possible

simple unambiguous grammars.

There is, however, a way to speed the exploration of proposed grammars.

The idea is based on the general idea of programming language development. A

new programming language is described by both a specification and a

parser/compiler that converts the language into machine executable code [1].

Subsequent software is written simply by adhering to the specification and

relying on the compiler.

Ewan Birney’s Dynamite [7] is a similar system. It is a code generating

language for producing efficient source code for regular grammar dynamic

programming. Initial work on extending Dynamite to include more extensive

likelihood calculus, machine learning techniques, and more complicated grammar

designs was described by Ian Holmes at the Bioinformatics Open Source

Conference (BOSC) 2000. The result, Telegraph, is an ambitious and (to my

knowledge) unimplemented specification.

The idea here is simpler than Telegraph. A specification could be written

to describe a SCFG in a very systematic fashion. A parser would then read this

language specification and produce training, CYK, Inside-Outside, and Posterior

source code for the SCFG specified. Future SCFG designs would then need only

be described to the code generator (compiler) to obtain a usable implementation.

Ideally, the code generator could handle pairSCFGs as well as the simpler

single sequence SCFGs. In this work we assumed that we could utilize the

relative performance of single sequence SCFGs as a proxy to their relative

performance when extended to pairwise. A preliminary implementation of a

pairwise G7 performed slightly under the pairwise G8 grammar of Chapter 4.

This ordering confirms our assumption for at least these two grammars, but is

only a single data point. Alternative grammars may show different results.

Having a code generator would hasten the search of alternatives.
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Evolutionary Models

The base model for our pairSCFG assumes a single degree of sequence

divergence which may not adequately approximate the sequence divergence of a

given pair. One alternative is to utilize a time dependent model of evolution. The

simplest way to incorporate an evolutionary model into our pairSCFG is to

replace the base pair emissions portion of the model parameters with a standard

general reversible model of evolution [38,100,132]. Preliminary work is briefly

described here.

Smith, Liu, and Tillier [157] develop a number of RNA rate matrices.

They utilize the European Ribosomal Database [181,183] to obtain sequence

alignments. For each alignment they impose the structure of a single reference

member which they obtain from the comparative RNA website database [13].

They produce four rate matrices based on different underlying datasets,

Bacterial, Mitochondrial, Eukaryote SSU, and Eukaryote LSU. These matrices

were obtained from http://www.uhnres.utoronto.ca/tillier/rRNA/rna.html.

Knudsen and Hein [101] develop a RNA rate matrix based on tRNAs from

the Sprinzl [159] database and LSU rRNA from the De Rijk [144] database. The

resulting rate matrix was obtained from

http://www.daimi.au.dk/∼compbio/rnafold/. This rate matrix is utilized in

Pfold [103]. Subsequent work showed this matrix to be robust and reasonable

even when applied to rapidly evolving 5’-region of HIV-1 [99].

We can utilize these published RNA base pair rate matrices as an

alternative to our parameterization of conserved base pairs. The remainder of the

parameters of the model are unchanged. This hybrid model produces complete

parameter sets.

Each RNA rate matrix is composed of two components a 16x16 rate matrix

R and the corresponding stationary probabilities τ . Each rate matrix is scaled to

an average rate of substitutions to one per unit time. Using the method described

in Chapter 2, we then convert the rate matrices R and stationary probabilities τ

into the desired joint probabilities. We combine the joint probabilities

(emissions) from the rate matrices with the parameters from the base model.
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Table 6.1: Performance of pairSCFG using different evolutionary models.
The first row (base) contains the performance results for parameters trained using
LSU and SSU as described in Chapter 4. The second and third sections replace the
base pair emission parameters of the model with rate matrices at t = 1. Smith [157]
provided the Bacterial (bact), Eukaryote SSU (euk16), Eukaryote LSU (euk23),
and Mitochondrial (mito) matricies. The 85-60 matrix is provided by E. Rivas
(unpublished). Knudsen and Hein provide the Pfold matrix [101].

Both 5S tRNA
Method Align Sens (PPV) Align Sens (PPV) Align Sens (PPV)

base 83.79 71.47 (68.50) 81.36 50.20 (49.87) 84.50 80.42 (75.96)

Evolutionary Models

bact 86.63 77.67 (79.10) 79.88 53.94 (57.66) 88.45 86.87 (86.87)
euk16 83.16 74.04 (69.81) 78.73 54.25 (54.94) 84.35 81.72 (75.03)
euk23 84.10 75.41 (71.96) 79.53 53.54 (53.29) 85.34 83.88 (78.78)
mito 72.79 54.73 (51.96) 72.11 35.83 (34.11) 72.79 60.44 (62.06)
85-60 86.86 78.79 (80.24) 80.23 54.49 (58.54) 88.65 88.22 (88.06)
Pfold 85.89 76.86 (80.51) 77.65 52.28 (57.74) 88.11 86.39 (88.71)

Using the full pairSCFG we compare the performance of the base model,

the four Smith matrices, the Pfold matrix, and a rate matrix version of

RIBOSUM85-60 [96] obtained from Elena Rivas (unpublished). Table 6.1 shows

the performance of the full pairSCFG using t = 1. The Smith Eukaryote SSU

matrix shows comparable performance to our base model. As our training set is

dominated by SSU sequences, this is perhaps not surprising. The Smith

Mitochondrial matrix shows poor performance, but is based on less data than the

other Smith matrices [157]. The remaining rate matrices show improved

performance relative to our base model.

The way evolutionary models have been used here to parameterize the

pairSCFG is primitive at best. As described, the evolutionary model is not

leveraged, but rather used at a fixed t. Ultimately, the goal would be to correlate

different values of t with the percent identity of the optimal accuracy alignment

between two sequences. Parameters could then be reasonably adjusted according

to the problem at hand.

As described, only a base pair evolutionary model is utilized. In addition,

rate matrices could be used for aligned (4x4) nucleotides. An additional
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extension would be to apply a time dependent model to gaps. At close

evolutionary distances, indels are expected to be rarer and shorter than at

further distances. An explicit model of indels, such as used in statistical

alignment methods [64,165] is complicated [78]. Simpler approaches include

treating gaps as a special fifth character in the alphabet (Rivas, unpublished) or

treating them as unknown nucleotides [103,164].
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Appendix A

Availability

The papers, source code, software documentation, and datasets utilized in

this work are available at http://selab.wustl.edu/people/robin/dissertation/.

Training (parameter estimation), CYK parsing (structure prediction), and

conditional Inside (ambiguity testing) code was written for each of the nine

grammars and the stacking variants of Chapter 3. Inside with stochastic

traceback (suboptimal sampling of parse trees) was implemented for the two

ambiguous grammars. For the pairSCFG of Chapter 4, training (parameter

estimation) and CYK parsing, both full and constrained, was also implemented.

The software developed relies upon the SQUID library, developed by Sean Eddy.

The ANSI C source code for these implementations are freely available under the

GNU General Public License (GPL).

When possible, the external software packages utilized are also made

available from the above URL. When redistribution is not permitted, a link is

provided. Externally utilized packages include mfold v3.1.2, Pfold (Oct 2003),

PKNOTS v 1.01, RNAstructure v4.0, the Vienna RNA package v1.4, Dynalign

(Oct 2003), and the Dart package v1.0 (which includes dpswalign and stemloc).

Datasets include rRNA training sets, the Rfam v5.0 ambiguity testing set, the

single sequence benchmarking set, and the pairwise benchmarking set. Usage

notes detailing how everything was utilized in this work are also provided.
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